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'❤❡♦%❡'✐❝❛❧ ❛♣♣%♦❛❝❤ .❤♦✇. '❤❛' '❤❡ ❜❡❤❛✈✐♦% ♦❢ ❤❡'❡%♦❣❡♥❡♦✉. ❛❣❡♥'. ♠❛② ❣❡♥❡%❛'❡ ❝♦♠♣❧❡①

♣%✐❝❡ ❞②♥❛♠✐❝. ✭❑✐%♠❛♥✱ ✶✾✾✶✱ ▲✉①✱ ✶✾✾✺✱ ❇%♦❝❦ ❛♥❞ ❍♦♠♠❡.✱ ✶✾✾✼✱ ✶✾✾✽❀ ❈❤✐❛%❡❧❧❛ ❛♥❞

❍❡✱ ✷✵✵✶ ♦% ❋❛%♠❡% ❛♥❞ ❏♦.❤✐✱ ✷✵✵✷❀ ❲❡.'❡%❤♦✛ ❛♥❞ ❉✐❡❝✐✱ ✷✵✵✻✮ '❤❛' ♠❛② %❡♣❧✐❝❛'❡ .'②❧✐③❡❞

❢❛❝'. .✉❝❤ ❛. ❜✉❜❜❧❡. ❛♥❞ ❝%❛.❤❡.✱ ❢❛' '❛✐❧. ❢♦% '❤❡ ❞✐.'%✐❜✉'✐♦♥ ♦❢ '❤❡ %❡'✉%♥. ❛♥❞ ✈♦❧❛'✐❧✐'②

❝❧✉.'❡%✐♥❣✳

❍♦✇❡✈❡%✱ ✐♥ '❤❡ ❍❆▼✬. ❢%❛♠❡✇♦%❦✱ .♦♠❡ ❝♦♥'%✐❜✉'✐♦♥. ❢♦❝✉. ♦♥ '❤❡ ✐♠♣❛❝' ♦❢ '❤❡ ♠❛%❦❡'

♠❛❦❡% ✐♥✈❡♥'♦%② ♦♥ '❤❡ ♣%✐❝❡ ✭●✉✱ ✶✾✾✺❀ ❙❡'❤✐✱ ✶✾✾✻❀ ❉❛②✱ ✶✾✾✼❀ ❋%❛♥❦❡ ❛♥❞ ❆.❛❞❛✱ ✷✵✵✽✮✱

❜✉' ♥♦♥❡ ♦❢ '❤❡.❡ .❡❡❦. '♦ ♠♦❞❡❧ '❤❡ ♠❛%❦❡' ♠❛❦❡% ❛. ❛♥ ❛❝'✐✈❡ ✐♥✈❡.'♦%✳ ❚♦ '❤❡ ❜❡.' ♦❢ ♦✉%

❦♥♦✇❧❡❞❣❡✱ ❲❡.'❡%❤♦✛ ✭✷✵✵✸❛✮ ✐. '❤❡ ✜%.' '❤❛' ❛♥❛❧②.❡. ❤♦✇ ✐♥✈❡♥'♦%② ♠❛♥❛❣❡♠❡♥' ♦❢ ❢♦%❡✐❣♥

❡①❝❤❛♥❣❡ ❞❡❛❧❡%. ♠❛② ❛✛❡❝' ❡①❝❤❛♥❣❡✲%❛'❡ ❞②♥❛♠✐❝.✳ ▲❛'❡% ♦♥✱ ❩❤✉ ❡' ❛❧✳ ✭✷✵✵✾✮ ❞❡✈❡❧♦♣

❛ ♠♦❞❡❧ ❝♦♥.✐.'✐♥❣ ✐♥ ❛ ♠❛%❦❡' ✇✐'❤ '✇♦ ❞✐✛❡%❡♥' ❣%♦✉♣. ♦❢ ❛❣❡♥'. ✭❢✉♥❞❛♠❡♥'❛❧✐.'. ❛♥❞

❝❤❛%'✐.'.✮ ♣❧✉. ❛ ♠❛%❦❡' ♠❛❦❡% ❛❝'✐♥❣ ❜♦'❤ ❛. ❛ ❞❡❛❧❡% ❛♥❞ ❛♥ ❛❝'✐✈❡ ✐♥✈❡.'♦%✱ .❤♦✇✐♥❣ '❤❛'

✬!❤❡ ♠❛&❦❡! ♠❛❦❡& ❞♦❡* ♥♦! ♥❡❝❡**❛&✐❧② *!❛❜✐❧✐③❡ !❤❡ ♠❛&❦❡! ✇❤❡♥ ❛❝!✐✈❡❧② ♠❛♥❛❣❡* ❤✐*✴❤❡&

✐♥✈❡♥!♦&② !♦ ♠❛①✐♠✐③❡ !❤❡ ♣&♦✜!✬ ✭❩❤✉ ❡' ❛❧✳✱ ✷✵✵✾ ♣✳✸✶✻✺✮✳ ▼♦❞❡❧❧✐♥❣ ♠❛%❦❡' ♠❛❦❡%. ♠❛②

♠❛❦❡ '❤❡ ❞②♥❛♠✐❝. ♠✉❝❤ ❡❛.✐❡% ❜❡❝❛✉.❡ ❛ ♣❛%❛♠❡'❡%✱ '❤❡ ♠❛%❦❡' ♠❛❦❡% %❡❛❝'✐♦♥ ❝♦❡✣❝✐❡♥'✱

✐. ❛❞❞❡❞✳ ❍♦✇❡✈❡% ✇❡ ❜❡❧✐❡✈❡ ✐' ♠❛❦❡. ♠♦❞❡❧. ♠✉❝❤ ❝❧♦.❡% '♦ '❤❡ %❡❛❧ ♠❛%❦❡'. ✭❋❛%♠❡% ❛♥❞

❏♦.❤✐✱ ✷✵✵✷✮ ❛♥❞ ♠❛② .✐♠♣❧✐❢② '❤❡ ❛♥❛❧②.✐. ✭✐✳❡✳ ❍♦♠♠❡. ❡' ❛❧✳✱ ✷✵✵✺✮✳

▼♦.' ♦❢ '❤❡ ❍❆▼. ♠♦❞❡❧. ❛%❡ ❝❤❛%❛❝'❡%✐③❡❞ ❜② ❛ ❢%❛♠❡✇♦%❦ ✇✐'❤ '✇♦ ❛..❡'. ✭❛ %✐.❦②

❛♥❞ ❛ %✐.❦✲❢%❡❡ ❛..❡'✮✱ ❞✐✛❡%❡♥' '②♣❡. ♦❢ '%❛❞❡%. ✭✐✳❡✳ ❢✉♥❞❛♠❡♥'❛❧✐.'.✱ ❝❤❛%'✐.'.✱ ♥♦✐.❡ '%❛❞❡%.

❛♥❞ .♦ ♦♥✮ ❛♥❞ .♦♠❡'✐♠❡. ❛ ♠❛%❦❡' ♠❛❦❡% ✭❢♦% ❛ .✉%✈❡② .❡❡ ❍♦♠♠❡.✱ ✷✵✵✻❀ ▲❡❇❛%♦♥✱ ✷✵✵✻✮✳

✶
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❇② ❞❡✜♥✐'✐♦♥✱ ❢✉♥❞❛♠❡♥'❛❧✐/'/ ❛0❡ ❝♦♥✈✐♥❝❡❞ '❤❛' ♣0✐❝❡/ ✇✐❧❧ 0❡'✉0♥ '♦✇❛0❞ '❤❡✐0 ❧♦♥❣✲0✉♥

❡8✉✐❧✐❜0✐✉♠ ✈❛❧✉❡/✳ ❍❡♥❝❡✱ ✐❢ '❤❡ ♣0✐❝❡ ✐/ ❜❡❧♦✇ ✭❛❜♦✈❡✮ ✐'/ ❢✉♥❞❛♠❡♥'❛❧ ✈❛❧✉❡✱ '❤❡② ✇✐❧❧ ❜✉②

✭/❡❧❧✮ '❤❡ ❛//❡'✳ ❙✉❝❤ ❛ '0❛❞✐♥❣ /'0❛'❡❣② '❡♥❞/ '♦ /'❛❜✐❧✐③❡ '❤❡ ♠❛0❦❡' /✐♥❝❡ ♣0✐❝❡/ ❛0❡ ♣✉/❤❡❞

'♦✇❛0❞ '❤❡✐0 ❡8✉✐❧✐❜0✐✉♠ ✈❛❧✉❡/✳ ❚❤❡ ♠❛0❦❡' ✐♠♣❛❝' ♦❢ ❢✉♥❞❛♠❡♥'❛❧ '0❛❞❡0/ ✐/ ❝♦♥/'❛♥'

♦✈❡0 '✐♠❡✳ ❘❡❝❡♥'❧②✱ ✐♥ ❝♦♥'0❛/' ✇✐'❤ '❤❡ ❝❛♥♦♥✐❝❛❧ ❍❆▼✬/ ♠♦❞❡❧/✱ ◆❛✐♠③❛❞❛ ❛♥❞ ❘✐❝❝❤✐✉'✐

✭✷✵✵✽✱ ✷✵✵✾✱ ✷✵✶✷✮ ❞❡✈❡❧♦♣❡❞ ❛ ❢0❛♠❡✇♦0❦ ✐♥ ✇❤✐❝❤ '❤❡ /♦✉0❝❡ ♦❢ ✐♥/'❛❜✐❧✐'② 0❡/✐❞❡/ ✐♥ '❤❡

✐♥'❡0❛❝'✐♦♥ ♦❢ '✇♦ ❞✐✛❡0❡♥' ❣0♦✉♣/ ♦❢ ❛❣❡♥'/ '❤❛' ✉/❡ '❤❡ /❛♠❡ '0❛❞✐♥❣ /'0❛'❡❣② ✭❛❧❧ '0❛❞❡0/ ❛0❡

❢✉♥❞❛♠❡♥'❛❧✐/'/✮ ❜✉' ❤❛✈❡ ❤❡'❡0♦❣❡♥❡♦✉/ ❜❡❧✐❡❢/ ❛❜♦✉' '❤❡ ❢✉♥❞❛♠❡♥'❛❧ ❛//❡' ✈❛❧✉❡✳ ❲❡ ♠❛②

'❤✐♥❦ ❛❜♦✉' '❤❡ '✇♦ ❞✐✛❡0❡♥' ❛❣❡♥'/✬ ❜❡❧✐❡❢/ ❛❧/♦ ✇✐'❤✐♥ ❛ /②/'❡♠ '❤❛' ❧✐❡/ ♦✉'/✐❞❡ '❤❡ ✜♥❛♥❝✐❛❧

♠❛0❦❡'/✱ ❢♦0 ❡①❛♠♣❧❡ ❛' ♠❛❝0♦ ❧❡✈❡❧✱ ✇❤✐❝❤ ✐/ '❤❡ ❝❛/❡ 0❡♣♦0'❡❞ ❢♦0 ✐♥✢❛'✐♦♥ ❡①♣❡❝'❛'✐♦♥/ ❜②

▼❛♥❦✐✇ ❡' ❛❧✳ ✭✷✵✵✸✮✳

❚❤❡ ❣♦❛❧ ♦❢ '❤❡ ♣0❡/❡♥' ♣❛♣❡0 ✐/ '✇♦❢♦❧❞✳ ❋✐0/'❧②✱ /'❛0'✐♥❣ ❢0♦♠ '❤❡ ❢0❛♠❡✇♦0❦ ❞❡✈❡❧♦♣❡❞

❜② ◆❛✐♠③❛❞❛ ❛♥❞ ❘✐❝❝❤✐✉'✐ ✭✷✵✵✾✮ ❛♥❞ ✐♥ ❧✐♥❡ ✇✐'❤ '❤❡ ♠❛0❦❡' ♠❛❦❡0 ✐♥✈❡♥'♦0② ✐♥'0♦❞✉❝❡❞

❜② ❩❤✉ ❡' ❛❧✳ ✭✷✵✵✾✮✱ ✇❡ ❞❡✈❡❧♦♣ ❛ /✐♠♣❧❡ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ '✇♦ ❣0♦✉♣/ ♦❢ ❢✉♥❞❛♠❡♥'❛❧✐/'/ '0❛❞❡

✐♥ ❛ ✜♥❛♥❝✐❛❧ ♠❛0❦❡' ✇✐'❤ ❛ ♠❛0❦❡' ♠❛❦❡0 ✇❤♦ ❛❝'✐✈❡❧② ♠❛♥❛❣❡/ ❤❡0 ✐♥✈❡♥'♦0②✳ ❙❡❝♦♥❞❧②✱

✇❡ /'✉❞② ✐♥ /✉❝❤ ❛ ❢0❛♠❡✇♦0❦ '❤❡ 0♦❧❡ ♦❢ ❤❡'❡0♦❣❡♥❡✐'② ❛♥❞ ✇❤❡'❤❡0 '❤❡ ♠❛0❦❡' ♠❛❦❡0 ✐/ ❛

/'❛❜✐❧✐③❡0 ♦0 ♥♦'✱ ❛♥❛❧②/✐♥❣ '❤0♦✉❣❤ /✐♠✉❧❛'✐♦♥/ ❜♦'❤ '❤❡ ❝❛/❡/ ✇✐'❤ ✜①❡❞ ❛♥❞ ❡♥❞♦❣❡♥♦✉/❧②

❞❡'❡0♠✐♥❡❞ ❢0❛❝'✐♦♥/✳

❚❤❡ 0❡♠❛✐♥❞❡0 ♦❢ '❤✐/ ♣❛♣❡0 ✐/ ♦0❣❛♥✐③❡❞ ❛/ ❢♦❧❧♦✇/✳ ■♥ /❡❝'✐♦♥ ✷ ✇❡ ❞✐/❝✉// '❤❡ ❛//❡'

♣0✐❝✐♥❣ ♠♦❞❡❧ ✇✐'❤ '✇♦ ❢✉♥❞❛♠❡♥'❛❧✐/'/ ❛♥❞ '❤❡ ♠❛0❦❡' ♠❛❦❡0 ✐♥✈❡♥'♦0②✳ ❙❡❝'✐♦♥ ✸ ❜0✐❡✢②

♣0❡/❡♥'/ '❤❡ ♥❡❝❡//❛0② ❝♦♥❞✐'✐♦♥/ ❢♦0 '❤❡ ❡①✐/'❡♥❝❡ ❛♥❞ ❧♦❝❛❧ /'❛❜✐❧✐'② ♦❢ ✜①❡❞ ♣♦✐♥'/✳ ■♥

/❡❝'✐♦♥ ✹ ✇❡ ✉/❡ /✐♠✉❧❛'✐♦♥/ '♦ /'✉❞② '❤❡ 0♦❧❡ ♦❢ ❤❡'❡0♦❣❡♥❡✐'② ❛❧/♦ ✐♥ '❤❡ ❝❛/❡ ✇✐'❤ ❡♥❞♦❣❡♥♦✉/

❢0❛❝'✐♦♥/ ♦❢ ❛❣❡♥'/✳ ❚❤❡ ❧❛/' /❡❝'✐♦♥ ❝♦♥'❛✐♥/ '❤❡ ✜♥❛❧ 0❡♠❛0❦/ ❛♥❞ /✉❣❣❡/'✐♦♥/ ❢♦0 ❢✉0'❤❡0

✐♥✈❡/'✐❣❛'✐♦♥/✳

✷ ❚❤❡ ♠♦❞❡❧

◆❛✐♠③❛❞❛ ❛♥❞ ❘✐❝❝❤✐✉'✐ ♠♦❞❡❧ ✭✷✵✵✾✮ ✐♥❝❧✉❞❡/ ❛ ♠❛0❦❡' ♠❛❦❡0 ❛♥❞ '✇♦ ❛0❝❤❡'②♣❛❧ ❣0♦✉♣/

♦❢ ❢✉♥❞❛♠❡♥'❛❧✐/'/ ✬✇❤♦ ♠❛② ✉(❡ ♦♥❡ ♦❢ ❛ ♥✉♠❜❡- ♦❢ ♣-❡❞✐❝2♦- ✇❤✐❝❤ 2❤❡② ♠✐❣❤2 ♦❜2❛✐♥ ❢-♦♠

✜♥❛♥❝✐❛❧ ❣✉-✉(✬ ✭❡①♣❡0'/✮ ❛/ ✐♥ ❋U❧❧♠❡0 ❡' ❛❧✳ ✭✷✵✵✺✮✳ ❚❤❡0❡ ❛0❡ '✇♦ ❞✐✛❡0❡♥' ❛//❡'/✿ ❛❣❡♥'/

❝❛♥ ❡✐'❤❡0 ✐♥✈❡/' ✐♥ ❛ 0✐/❦② ❛//❡' ♦0 ✐♥ ❛ 0✐/❦✲❢0❡❡ ❛//❡'✳ ❚❤❡ 0✐/❦② ❛//❡' ✭❡✳❣ /'♦❝❦ ♦0 /'♦❝❦

♠❛0❦❡' ✐♥❞❡①✮ ❤❛/ ❛ ♣0✐❝❡ ♣❡0 /❤❛0❡ ❡①✲❞✐✈✐❞❡♥❞ ❛' '✐♠❡ t ❡8✉❛❧ '♦ Xt ❛♥❞ ❛ ✭/'♦❝❤❛/'✐❝✮

❞✐✈✐❞❡♥❞ ♣0♦❝❡// yt✳ ❚❤❡ 0✐/❦✲❢0❡❡ ❛//❡' ✐/ ♣❡0❢❡❝'❧② ❡❧❛/'✐❝❛❧❧② /✉♣♣❧✐❡❞ ❛' '❤❡ ❣0♦// 0❡'✉0♥
✭R = (1 + r/k) > 1✮✱ ✇❤❡0❡ r ✐/ ❡8✉❛❧ '♦ '❤❡ ❝♦♥/'❛♥' 0✐/❦ ❢0❡❡ 0❛'❡ ♣❡0 ❛♥♥✉❛❧ ❛♥❞ k ✐/ '❤❡
❢0❡8✉❡♥❝② ♦❢ '❤❡ '0❛❞✐♥❣ ♣❡0✐♦❞ ♣❡0 ②❡❛0✳ ❲❡ ❞❡✜♥❡ i = 1, 2 '❤❡ two ❣0♦✉♣/ ♦❢ ❛❣❡♥'/✱ ❛♥❞
✇❡ ❛//✉♠❡ '❤❛' ❛❧❧ '❤❡ ✐♥✈❡/'♦0/ ❝❤♦♦/❡ '❤❡✐0 ♦✇♥ ♣♦0'❢♦❧✐♦ ✐♥ ❛ ✇❛② /✉❝❤ '❤❛' '❤❡② ♠❛①✐♠✐③❡

'❤❡✐0 ❡①♣❡❝'❡❞ ✉'✐❧✐'②✳ ❲❡ ❞❡♥♦'❡ ❛/ zs '❤❡ '♦'❛❧ ✜①❡❞ 0✐/❦② ❛//❡' /✉♣♣❧②✳ ❚❤❡ ♣♦0'❢♦❧✐♦ ✇❡❛❧'❤
❛' ✭t+ 1✮ ✐/ ❣✐✈❡♥ ❜②✿

Wi,t+1 = RWi,t +Rt+1qi,t = RWi,t + (Xt+1 + yt+1 −RXt) qi,t ✭✶✮

✇❤❡0❡ Rt+1 = (Xt+1 + yt+1 −RXt) ❝♦00❡/♣♦♥❞/ '♦ '❤❡ ❡①❝❡// 0❡'✉0♥ ✭❝❛♣✐'❛❧ ❣❛✐♥✴❧♦//✮
♦❢ '❤❡ 0✐/❦② ❛//❡' ♦✈❡0 '❤❡ '0❛❞✐♥❣ ♣❡0✐♦❞ t+1✷✱ ✇❤✐❧❡ qi,t 0❡♣0❡/❡♥'/ '❤❡ ♥✉♠❜❡0 ♦❢ /❤❛0❡/ ♦❢
'❤❡ 0✐/❦② ❛//❡' ❤❡❧❞ ✐♥ '❤❡ '0❛❞✐♥❣ ♣❡0✐♦❞ t ❜② '❤❡ ✐♥✈❡/'♦0 i✳

◆♦✇✱ ❧❡' Ei,t(Xt+1) ❛♥❞ Vi,t(Xt+1) ❜❡ '❤❡ ❜❡❧✐❡❢/ ♦0 ❢♦0❡❝❛/'/ ❛❜♦✉' '❤❡ ❢✉'✉0❡ ❞✐✈✐❞❡♥❞/
❛♥❞ '❤❡ ❝♦♥❞✐'✐♦♥❛❧ ✈❛0✐❛♥❝❡ ♦❢ '❤❡ 8✉❛♥'✐'② Xt+1 0❡/♣❡❝'✐✈❡❧②✳ ■' ❢♦❧❧♦✇/ ❢0♦♠ ✭✶✮ '❤❛'✿

Ei,t(Wt+1) = RWi,t + Ei,t (Xt+1 + yt+1 −RXt) qi,t, ✭✷✮

✷

✇❤✐❝❤ ✐$ ❝♦♥❞✐(✐♦♥❛❧❧② ♥♦,♠❛❧❧② ❞✐$(,✐❜✉(❡❞

✸



Vi,t(Wt+1) = q2i,tVi,t(Rt+1). ✭✸✮

▲❡%✬' ❛''✉♠❡ ❢♦- ❛❣❡♥%' ♦❢ ❣-♦✉♣ i ❛ ❝♦♥'%❛♥% ❛❜'♦❧✉%❡ -✐'❦ ❛✈❡-'✐♦♥ ✉%✐❧✐%② ❢✉♥❝%✐♦♥ ❡8✉❛❧

%♦ Ui(W ) = −e−aiW
✱ ✇❤❡-❡ ai -❡♣-❡'❡♥%' %❤❡ ✲ '%-✐❝%❧② ♣♦'✐%✐✈❡ ❛♥❞ ❝♦♥'%❛♥% ✲ -✐'❦ ❛✈❡-'✐♦♥

❝♦❡✣❝✐❡♥% ❡8✉❛❧ ❢♦- ❜♦%❤ ❣-♦✉♣' ♦❢ ❛❣❡♥%'✱ ✇❡ ❛''✉♠❡ %❤❛% ai = 1 ∀ i ∈ [0,∞]✳ ❇② ♠❛①✐♠✐③✐♥❣

%❤❡ ❡①♣❡❝%❡❞ ✉%✐❧✐%② ♦❢ ✇❡❛❧%❤ ✐♥ %-❛❞✐♥❣ ♣❡-✐♦❞ t+ 1

Maxqi,t

[

Ei,t(Wi,t+1)−
a

2
Vi,t(Wi,t+1)

]

, ✭✹✮

✇❡ ♦❜%❛✐♥ %❤❡ ♦♣%✐♠❛❧ ❞❡♠❛♥❞ ❢✉♥❝%✐♦♥ ❢♦- ❡❛❝❤ ❣-♦✉♣

q∗i,t =
Ei,t(Rt+1)

aVi,t(Rt+1)
=

Ei,t(Xt+1 + yt+1 −RXt)

aVi,t(Rt+1)
. ✭✺✮

❲❡ ❛''✉♠❡ %❤❛% ❛❣❡♥%' ❤❛✈❡ ❝♦♠♠♦♥ ❡①♣❡❝%❛%✐♦♥' ♦♥ ❞✐✈✐❞❡♥❞' ✭Ei,t(yt+1) = Et(yt+1) =
ȳ✮ ❜✉% ❞✐✛❡-❡♥% ❡①♣❡❝%❛%✐♦♥' ♦♥ ❢✉%✉-❡ ♣-✐❝❡' Ei,t(Xt+1) = Ei(X

∗

t+1) = Fi ✇✐%❤ i = 1, 2✱
✇❤❡-❡ Fi ✐' %❤❡ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡✳

❚❤❡-❡❢♦-❡✱ %♦ ♠♦❞❡❧ %❤❡ ❡①❝❡'' ❞❡♠❛♥❞ ✇❡ -❡✇-✐%❡ %❤❡ ❡8✉❛%✐♦♥ ✭✺✮ ❛❞♦♣%✐♥❣ %❤❡ ❢♦-♠✉✲

❧❛%✐♦♥ ♦❢ ❉❛② ❛♥❞ ❍✉❛♥❣ ✭✶✾✾✵✮✿

qi,t = δ(F ∗i − Pt), ✭✻✮

✇❤❡-❡ Pt = RXt − ȳ ❛♥❞ δ = 1
aσ2 ✐' %❤❡ ♣♦'✐%✐✈❡ ❝♦❡✣❝✐❡♥% ♦❢ %❤❡ -❡❛❝%✐♦♥ ♦❢ ✐♥✈❡'%♦-'✱

❛ ♠❡❛'✉-❡ ♦❢ ❜♦%❤ -✐'❦ ❛✈❡-'✐♦♥ ❛♥❞ -❡❛❝%✐♦♥ %♦ ♠✐'✲♣-✐❝✐♥❣ ♦❢ %❤❡ ❢✉♥❞❛♠❡♥%❛❧✐'%' ✇❤✐❝❤ ✇❡

❛''✉♠❡✱ ✇✐%❤♦✉% ❧♦'' ♦❢ ❣❡♥❡-❛❧✐%②✱ ❜❡✐♥❣ ❡8✉❛❧ %♦ ✶✳

✷✳✶ ■♥✈❡♥'♦)②

■♥ ◆❛✐♠③❛❞❛ ❛♥❞ ❘✐❝❝❤✐✉%✐ ✭✷✵✵✾✮✱ %❤❡ ♠❛-❦❡% ♠❛❦❡- ✐♥%❡-✈❡♥❡' ❝❧❡❛-✐♥❣ %❤❡ ♣-✐❝❡ ❜✉% '❤❡

❞♦❡' ♥♦% ♠❛♥❛❣❡ ❜♦%❤ ❤❡- ♦✇♥ ♣♦-%❢♦❧✐♦ ❛♥❞ %❤❡ ✐♥✈❡♥%♦-②✳ ■♥ %❤✐' ♣❛♣❡-✱ ✇❡ ❝♦♥'✐❞❡- %❤❡ %✇♦

♠❛-❦❡% ♠❛❦❡- ❢✉♥❝%✐♦♥' ✲ ❞❡❛❧❡- ❛♥❞ ❛❝%✐✈❡ ✐♥✈❡'%♦- ✲ ❛' ❝♦♠♣❧❡%❡❧② '❡❣♠❡♥%❡❞✳ ❋♦❧❧♦✇✐♥❣

▼❛❞❤❛✈❛♥ ❛♥❞ ❙♠✐❞% ✭✶✾✾✸✮✱ %❤❡ ♠❛-❦❡% ♠❛❦❡- ✲ ❛❝"✐✈❡ ✐♥✈❡'"♦) ✲ ❛✐♠' %♦ ♠❛✐♥%❛✐♥ ❛ ❧♦♥❣✲

%❡-♠ ❞❡'✐-❡❞ "❛)❣❡" ✐♥✈❡♥"♦)② ♣♦'✐"✐♦♥ Id ❜② ❞❡♠❛♥❞✐♥❣ ✐♥ ❡❛❝❤ ♣❡-✐♦❞ %❤❡ ❞❡'✐-❡❞ ✐♥✈❡♥%♦-②

♣❧✉' ❛ '❤❛-❡ ♦❢ %❤❡ ♣-❡✈✐♦✉' ✈❛❧✉❡ ♦❢ ✐♥✈❡♥%♦-②✳ ▲❡% It ❜❡ %❤❡ '♣❡❝✐❛❧✐'%✬' ✐♥✈❡♥%♦-② ♣♦'✐%✐♦♥

❛% %✐♠❡ t✱ %❤❡♥ %❤❡ ❞❡'✐-❡❞ ♣♦'✐%✐♦♥ ✭Idt+1✮ ✐♥ ❡❛❝❤ ♣❡-✐♦❞ ✐' ❛♥②%❤✐♥❣ ❜✉% ❛ '❤❛-❡ κ ♦❢ It ♣❧✉'

%❤❡ ✜①❡❞ ❧♦♥❣ %❡-♠ %❛-❣❡% ✐♥✈❡♥%♦-② ♣♦'✐%✐♦♥✿

Idt+1 = κIt + Id, with κ ∈ [0, 1) ✭✼✮

❊8✳ ✭✼✮ -❡♣-❡'❡♥%' %❤❡ ♠❛-❦❡% ♠❛❦❡- ❞❡♠❛♥❞ ❢✉♥❝%✐♦♥✳

❖♥ %❤❡ ♦%❤❡- ❤❛♥❞✱ ❛❝%✐♥❣ ❛' ❞❡❛❧❡)✱ %❤❡ ♠❛-❦❡% ♠❛❦❡- ♣-♦✈✐❞❡' ❛ -❡8✉✐-❡❞ ❛♠♦✉♥% ♦❢

❧✐8✉✐❞✐%② %♦ %❤❡ '❡❝✉-✐%②✬' ♠❛-❦❡%✳ ❚❤❡ ♠❛-❦❡% ♠❛❦❡- ✐♥✈❡♥%♦-② ❛% t+1 ✐' %❤❡ ❞❡'✐-❡❞ ✐♥✈❡♥%♦-②

♣♦'✐%✐♦♥ ✐♥ %❤❡ ♥❡①% %-❛❞✐♥❣ ♣❡-✐♦❞ ♣❧✉' %❤❡ %♦%❛❧ '✉♣♣❧② ♦❢ %❤❡ -✐'❦② ❛''❡% ♠✐♥✉' %❤❡ ✐♥✈❡'%♦-'

❛❣❣-❡❣❛%❡ ♦♣%✐♠❛❧ ❞❡♠❛♥❞ ♦❢ %❤❡ ❛''❡%' ❛% %✐♠❡ t✿

It+1 = Idt+1 + (zs − z∗t ). ✭✽✮

❙✉❜'%✐%✉%✐♥❣ ✭✼✮ ✐♥ ✭✽✮✱ %❤❡ ❡8✉❛❧✐%② ❜❡❝♦♠❡'

It+1 = κIt + Id + (zs − z∗t ) ✭✾✮

✇✐%❤ %❤❡ %-❛❞❡-' ❛❣❣-❡❣❛%❡ ❞❡♠❛♥❞ z∗t ❛% %✐♠❡ t ❜❡✐♥❣ ❡8✉❛❧ %♦

✹



z∗t = n1,t+1q1 + (1− n1,t+1)q2 + ǫt, with n1 + n2 = 1, ✭✶✵✮

✇❤❡'❡ ǫt ✐) *❤❡ ❞❡♠❛♥❞ ❡''♦' *❡'♠

✸

✱ ❛♥❞ ni,t+1 ✐) *❤❡ ❢'❛❝*✐♦♥ ♦❢ ❛❣❡♥*) *❤❛* ❢♦❧❧♦✇ *❤❡

❡①♣❡'* i✳ ❋'❛❝*✐♦♥) ❝❛♥ ❜❡ ✜①❡❞ ♦' *❤❡② ❝❛♥ ✈❛'② ❛❝❝♦'❞✐♥❣ *♦ ❛♥ ❛❞❛♣*✐✈❡ )②)*❡♠ )✉❝❤

❛) ❇'♦❝❦ ❛♥❞ ❍♦♠♠❡) ✭❇❍✱ ❤❡♥❝❡❢♦'*❤✮✭✶✾✾✽✮✳ ❋♦' *❤❡ ❛♥❛❧②*✐❝❛❧ '❡)✉❧*)✱ ❛) ✐♥ ❩❤✉ ❡* ❛❧✳

✭✷✵✵✾✮✱ ✇❡ ✇✐❧❧ ❛))✉♠❡ ✜①❡❞ ❢'❛❝*✐♦♥)✳ ❚❤✐) ❛))✉♠♣*✐♦♥ ✇✐❧❧ ❜❡ '❡❧❛①❡❞ ✐♥ *❤❡ )✐♠✉❧❛*✐♦♥)

✇❤❡'❡ ✇❡ ✇✐❧❧ ❡♠♣❧♦② *❤❡ ❇❍ )✇✐*❝❤✐♥❣ ♠❡❝❤❛♥✐)♠✳

●✐✈❡♥ ♦✉' ❛))✉♠♣*✐♦♥)✱ *❤❡ ♠❛'❦❡* ❡①❝❡)) ❞❡♠❛♥❞ EDt ❢♦' *❤❡ '✐)❦② ❛))❡* ✐♥ *'❛❞✐♥❣

♣❡'✐♦❞ t+ 1 ✐) ❛) ❢♦❧❧♦✇)✿

EDt = z∗t + Idt+1 − zs ✭✶✶✮

✇❤❡'❡ zt '❡♣'❡)❡♥*) *❤❡ ♠❛'❦❡* ❞❡♠❛♥❞✱ Idt+1 *❤❡ ♠❛"❦❡% ♠❛❦❡" ❞❡♠❛♥❞ ❛♥❞ zs *❤❡ )✉♣♣❧②

♦❢ *❤❡ ♠❛'❦❡* ♠❛❦❡' *♦ *❤❡ ♦✉*)✐❞❡ ✐♥✈❡)*♦')✳ ❚❤❡ ♦*❤❡' ✐♥✈❡)*♦') ❛❞❥✉)* *❤❡✐' ❤♦❧❞✐♥❣) *♦

*❤❡✐' ♦♣*✐♠❛❧ ❞❡♠❛♥❞ ✐♥ *'❛❞✐♥❣ ♣❡'✐♦❞ t+1 ❜② )✉❜♠✐**✐♥❣ ♠❛'❦❡* ♦'❞❡') ❛* ♣'✐❝❡ Pt+1✳ ❚❤❡

♠❛'❦❡* ♠❛❦❡' ❛❞❥✉)*) *❤❡ ♣'✐❝❡ )♦ *❤❛* *❤❡ '❡*✉'♥ ✐) ❛♥ ✐♥❝'❡❛)✐♥❣ ❢✉♥❝*✐♦♥ ♦❢ *❤❡ ♠❛'❦❡*

❡①❝❡)) ❞❡♠❛♥❞✳ ■❢ *❤❡ ❡①❝❡)) ❞❡♠❛♥❞ EDt ✐) ♣♦)✐*✐✈❡ ✭♥❡❣❛*✐✈❡✮✱ )❤❡ ✐♥❝'❡❛)❡) ✭❞❡❝'❡❛)❡)✮

*❤❡ ♣'✐❝❡✿

Pt+1 = Pt + PtγEDt = Pt + Ptγ[z
∗

t + Idt+1 − zs] ✭✶✷✮

✇❤❡'❡ Pt ✐) *❤❡ ❛))❡* ♣'✐❝❡ ❛* *✐♠❡ t ❛♥❞ γ ❃✵ ✐) *❤❡ )❡♥)✐*✐✈✐*② ♦❢ ♠❛'❦❡* ♠❛❦❡' *♦ *❤❡

❡①❝❡)) ❞❡♠❛♥❞✳ ❋✐♥❛❧❧②✱ *❤❡ '❡❧❛*✐♦♥ *❤❛* ❞❡*❡'♠✐♥❡) *❤❡ ❞②♥❛♠✐❝) ♦❢ *❤❡ ♠♦❞❡❧ ✐) ♦❜*❛✐♥❡❞

❜② )✉❜)*✐*✉*✐♥❣ ✭✼✮ ❛♥❞ ✭✶✵✮ ✐♥*♦ ✭✶✷✮ ❛♥❞ ❛❞❞✐♥❣ *❤❡ ♠❛'❦❡* ♠❛❦❡' ❞❡♠❛♥❞✿

Pt+1 = Pt + Ptγ[n1,t+1q1 + n2,t+1q2 + κIt + Id − zs] + ǫt ✭✶✸✮

✇❤❡'❡ ǫt ✐) ❛ ✇❤✐*❡ ♥♦✐)❡ *❡'♠✱ ✐✳✐✳❞✳ ♥♦'♠❛❧❧② ❞✐)*'✐❜✉*❡❞ ✇✐*❤ ♠❡❛♥ ✵ ❛♥❞ ✈❛'✐❛♥❝❡

σ2
ǫ ✳ ❚❤❡ ❛))❡* ♣'✐❝❡ ❛♥❞ *❤❡ ✐♥✈❡♥*♦'② ❞②♥❛♠✐❝) ❛'❡ ❞❡*❡'♠✐♥❡❞ ❜② *❤❡ ❢♦❧❧♦✇✐♥❣ )*♦❝❤❛)*✐❝

❞✐)❝'❡*❡ ♥♦♥✲❧✐♥❡❛' ❞②♥❛♠✐❝❛❧ )②)*❡♠ ♦❢ ❡N✉❛*✐♦♥)✿

{

Pt+1 = Pt[1 + γ[n1(F1 − Pt) + n2(F2 − Pt) + κIt + Id − zs]] + ǫt

It+1 = κIt + Id + [zs − [n1(F1 − Pt) + n2(F2 − Pt)]] + ǫt
✭✶✹✮

✸ ❚❤❡ ❉❡%❡&♠✐♥✐*%✐❝ ▼♦❞❡❧✿ ❉②♥❛♠✐❝ ❆♥❛❧②*✐*

▲❡* ✉) ❛))✉♠❡ *❤❛* *❤❡ )②)*❡♠ ✐) ❞❡*❡'♠✐♥✐)*✐❝✳ ❲❡ ✜')* ❝❛❧❝✉❧❛*❡ *❤❡ )*❡❛❞② )*❛*❡) ❛♥❞

❛❢*❡'✇❛'❞) ✇❡ N✉❛❧✐*❛*✐✈❡❧② ✇♦'❦ ♦✉* )♦♠❡ ♣'♦♣❡'*✐❡) ✐♥❝❧✉❞✐♥❣ *❤❡ ✜①❡❞ ♣♦✐♥*) )*❛❜✐❧✐*②

❝♦♥❞✐*✐♦♥)✳

✸✳✶ ❋✐①❡❞ (♦✐♥+,

 !♦♣♦$✐&✐♦♥ ✶✳ ❚❤❡ ♠❛♣ ✭✶✹✮ ❤❛- %✇♦ -%❡❛❞② -%❛%❡-✿

(P ∗1 , I
∗

1 ) =

(

0,
zs + Id −G

1− κ

)

✭✶✺✮

❛♥❞

(P ∗2 , I
∗

2 ) =

(

G− zs +
Id

1− 2κ
,

2Id

1− 2κ

)

✭✶✻✮

✸

✐✳✐✳❞✳ #❛♥❞♦♠ ✈❛#✐❛❜❧❡ ♥♦#♠❛❧❧② ❞✐-.#✐❜✉.❡❞ ✇✐.❤ ♠❡❛♥ ✵ ❛♥❞ ✈❛#✐❛♥❝❡ σ
2
µ

✺



✇✐"❤ G = n1F1 + n2F2

$%♦♦❢✳ ❚❤❡ ♣$♦♦❢ ✐( ✐♥ *❤❡ ❆♣♣❡♥❞✐①✳

✸✳✷ ▲♦❝❛❧ ❙)❛❜✐❧✐)② ❆♥❛❧②/✐/

❚❤❡ (*✉❞② ♦❢ *❤❡ ❧♦❝❛❧ (*❛❜✐❧✐*② ♦❢ *❤❡ ❡5✉✐❧✐❜$✐❛ (*❛$*( ✇✐*❤ *❤❡ ❞❡*❡$♠✐♥❛*✐♦♥ ♦❢ *❤❡ ❏❛❝♦❜✐❛♥

♠❛*$✐① ♦❢ *❤❡ *✇♦✲❞✐♠❡♥(✐♦♥❛❧ ♠❛♣✳ ❚❤❡ ❏❛❝♦❜✐❛♥ ♠❛*$✐① ♦❢ (②(*❡♠ ✭✶✹✮ ❤❛( *❤❡ ❢♦$♠✿

J =

[

1 + γ(G− 2Pt + κIt + Id − zs) γκPt

1 κ

]

✭✶✼✮

❚❤✉(✱ ✉(✐♥❣ (*$❛✐❣❤*❢♦$✇❛$❞ ❛❧❣❡❜$❛ *❤❡ ❏❛❝♦❜✐❛♥ ♠❛*$✐① ♦❢ *❤❡ (②(*❡♠ ✭✶✹✮ ❛* *❤❡ ❡5✉✐✲

❧✐❜$✐✉♠ ♣♦✐♥* E1✭P
∗

1 , I
∗

1 ✮ ✐(✿

J(P ∗1 , I
∗

1 ) =

[

1 + γ
(

G+Id
−2κId

−zs
1−κ

)

0

1 κ

]

✭✶✽✮

❛♥❞ ❢$♦♠ *❤❡ $❡(✉❧*✐♥❣ ♠❛*$✐① ✭✶✽✮ ✇❡ ✇♦$❦ ♦✉* *❤❡ ❢♦❧❧♦✇✐♥❣ *$❛❝❡ ❛♥❞ ❞❡*❡$♠✐♥❛♥*✿

Tr(J1) = 1 + γ

(

G+ Id − 2κId − zs
1− κ

)

+ κ ✭✶✾✮

Det(J1) = κ+ γ
κ

1− κ

(

G+ Id − 2κId − zs
)

✭✷✵✮

❋✐♥❛❧❧②✱ ❜② ✉(✐♥❣ ❏✉$②✬( ❝♦♥❞✐*✐♦♥( ✭✷✶✮ ✭❏✉$②✱ ✶✾✼✹✮ ✇❡ ❤❛✈❡ ❝♦♥❞✐*✐♦♥( ❢♦$ ❧♦❝❛❧ (*❛❜✐❧✐*②✿











1− TrJ∗ +DetJ∗ > 0

1 + TrJ∗ +DetJ∗ > 0

DetJ∗ < 1

✭✷✶✮

❇② (✉❜(*✐*✉*✐♥❣ *$❛❝❡ ✭✶✾✮ ❛♥❞ ❞❡*❡$♠✐♥❛♥* ✭✷✵✮ ✐♥ ✭✷✶✮ ❛♥❞ $❡❛$$❛♥❣✐♥❣ *❤❡ (②(*❡♠

✐♥❡5✉❛❧✐*✐❡( ✇❡ ♦❜*❛✐♥ *❤❡ ❢♦❧❧♦✇✐♥❣ (*❛❜✐❧✐*② ❝♦♥❞✐*✐♦♥( ✭✷✷✮✿











γ(G+ Id − 2Gκ+ (2κ− 1)zs) < 0

(κ2 − 1)(2 ∗ (κ− 1)− γ(G+ Id − 2Gκ+ (2κ− 1)zs)) > 0

(κ− 1)(1 + κ(κ− 2− γ(G+ Id − 2Gκ+ (2κ− 1)zs))) < 0

✭✷✷✮

▼♦$❡♦✈❡$✱ *❤❡ ❏❛❝♦❜✐❛♥ ❡✈❛❧✉❛*❡❞ ❛* *❤❡ (❡❝♦♥❞ ✜①❡❞ ♣♦✐♥* (P ∗2 , I
∗

2 ) ✐( ❣✐✈❡♥ ❜②✿

J(P ∗2 , I
∗

2 ) =

[

1 + γ
(

zs −G− Id

1−2κ

) (

G− zs +
Id

1−2κ

)

κγ

1 κ

]

, ✭✷✸✮

*$❛❝❡ ❛♥❞ ❞❡*❡$♠✐♥❛♥* ❛$❡ *❤✉(✿

Tr(J2) = 1 + γ

(

zs −G−
Id

1− 2κ

)

+ κ ✭✷✹✮

Det(J2) = κ+ 2κγ

(

zs −G−
Id

1− 2κ

)

. ✭✷✺✮

❚❤❡ (*❛❜✐❧✐*② ❝♦♥❞✐*✐♦♥( ❢♦$ *❤❡ (❡❝♦♥❞ ✜①❡❞ ♣♦✐♥* ❛$❡ $❡♣♦$*❡❞ ✐♥ ✭✷✻✮

✻













γ(G+ Id − 2Gκ+ (2κ− 1)zs) > 0

(2κ− 1)(2− 2κ− 4κ2 +Gγ(4κ2 − 1)− γ(1 + 2κ)(Id + (2κ− 1)zs)) < 0
κ(2κ−1+2γ(G+Id

−2Gκ+(2κ−1)zs))
2κ−1 < 1

✭✷✻✮
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❚❤❡/❡❢♦/❡ ✇❡ ♣/♦❝❡❡❞ ✐♥ )❤❡ ❢♦❧❧♦✇✐♥❣ 5❡❝)✐♦♥ )❤/♦✉❣❤ 5✐♠✉❧❛)✐♦♥5✳
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γ zs κ n1 n2 F1 F2 Id

✵✳✶✽ ✶ ✵✳✶ ✵✳✺ ✵✳✺ ✷ ✸ ✶✵
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✐♥❣ )❤❡ ❡✈♦❧✉)✐♦♥ ♦❢ )❤❡ 5②5)❡♠ ❢/♦♠ )❤❡ 5✐)✉❛)✐♦♥ ✐♥ ✇❤✐❝❤ )❤❡/❡ ✐5 ❝♦♠♣❧❡)❡ ❤♦♠♦❣❡♥❡✐)②

✭F1 = F2 = F ✮ ✇✐)❤ ❛ ❧♦✇ γ ✭✵✳✶✮ 5❤♦✇✐♥❣ )❤❡ ❡✛❡❝)5 ♦❢ ❛♥ ✐♥❝/❡❛5✐♥❣ ❤❡)❡/♦❣❡♥❡✐)② ✭❛♥

✐♥❝/❡❛5✐♥❣ F2✮✳ ■♥ ❋✐❣✳ ✸ ✇❡ 5❤♦✇ )❤❡ ❜✐❢✉/❝❛)✐♦♥ ❞✐❛❣/❛♠ ♦❢ Pt✿ ❛♥ ✐♥❝/❡❛5❡ ✐♥ )❤❡ ❞❡❣/❡❡

♦❢ ❤❡)❡/♦❣❡♥❡✐)② ❣❡♥❡/❛)❡ ✐♥5)❛❜✐❧✐)②✳ ❲❤❡♥ ❡①♣❡❝)❛)✐♦♥5 ❛/❡ ❤♦♠♦❣❡♥❡♦✉5 F1 = F2 = 2 )❤❡

5②5)❡♠ ✐5 5)❛❜❧❡✳ ❆ ✢✐♣ ❜✐❢✉/❝❛)✐♦♥ ❛/✐5❡ ❢♦/ F2 ≈ 12 ❛♥❞ )✇♦ 5)❛❜❧❡ 5)❡❛❞② 5)❛)❡5 ❛/✐5❡✳ ❋/♦♠

)❤✐5 ♣♦✐♥)5 ♦♥✇❛/❞5✱ ❛ ❝❛5❝❛❞❡ ♦❢ ♣❡/✐♦❞ ❞♦✉❜❧✐♥❣ ❜✐❢✉/❝❛)✐♦♥5 ❧❡❛❞5 )❤❡ 5②5)❡♠ )♦ ❝❤❛♦5✳

❋✐❣✳ ✹ 5✉♣♣♦/)5 )❤✐5 ❡✈✐❞❡♥❝❡ 5❤♦✇✐♥❣ ❤♦✇ )❤❡ ✐♥✈❡♥)♦/② ❢/❛❝)✐♦♥ ❤❡❧❞ ❜② )❤❡ ♠❛/❦❡) ♠❛❦❡/

♣❧❛②5 ❛ ❦❡② /✉❧❡ ❢♦/ )❤❡ 5)❛❜✐❧✐)② ♦❢ )❤❡ 5②5)❡♠✳ ❚❤❡ ♣❛/❛♠❡)❡/ ❜❛5✐♥ ♦❢ ❛))/❛❝)✐♦♥ 5❤♦✇5 )❤❛)

)❤❡/❡ ✐5 ❛♥ ✐♥✈❡/5❡ /❡❧❛)✐♦♥5❤✐♣ ❜❡)✇❡❡♥ k ❛♥❞ )❤❡ ❞❡❣/❡❡ ♦❢ ❤❡)❡/♦❣❡♥❡✐)② ✭❛♥ ✐♥❝/❡❛5✐♥❣ F2✮✿

❛ ❧❛/❣❡/ ✭5♠❛❧❧❡/✮ ❞✐5)❛♥❝❡ ❜❡)✇❡❡♥ )❤❡ )✇♦ ❢✉♥❞❛♠❡♥)❛❧5 ❧❡❛❞5 )♦ ✐♥5)❛❜✐❧✐)② ❢♦/ ❛ 5♠❛❧❧❡/

✭❧❛/❣❡/✮ κ✳

✼



❋✐❣✉$❡ ✶✿  ❤❛#❡ ♣❧♦(# ♦❢ ✭Pt✱ It✮ ❢♦- ❞✐✛❡-❡♥( ✈❛❧✉❡# ♦❢ γ

❋✐❣✉$❡ ✷✿ ❇✐❢✉-❝❛(✐♦♥ ❞✐❛❣-❛♠ ♦❢ Pt ✇✐(❤ ✵ ❁ γ ❁ ✵✳✶✾✻

❋✐❣✉$❡ ✸✿ ❇✐❢✉-❝❛(✐♦♥ ❞✐❛❣-❛♠ ♦❢ (❤❡ ❞❡❣-❡❡ ♦❢ ❤❡(❡-♦❣❡♥❡✐(② ✈❛-✐❛(✐♦♥✱ ❢♦- γ = 0.1

✽



❋✐❣✉$❡ ✹✿ ◗✉❛❧✐%❛%✐✈❡ ❜❛)✐♥ ♦❢ ❛%%-❛❝%✐♦♥ ♦❢ κ ❛♥❞ F2✳ ▲♦❝❛❧ )%❛❜✐❧✐%② -❡❣✐♦♥ ✭❛✮✱ 7❡-✐♦❞✲✷ ❝②❝❧❡ ✭❜✮✱

❢✉-%❤❡- ♣❡-✐♦❞✲❞♦✉❜❧✐♥❣ ❝②❝❧❡) ✭❝✮✱ ✭❞✮✱ ✭❡✮

❲❡ )$② )♦ ❜❡))❡$ ✉♥❞❡$/)❛♥❞ ❜♦)❤ )❤❡ ❛❝)✐✈✐)② ♦❢ )❤❡ ♠❛$❦❡) ♠❛❦❡$ ❛♥❞ )❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢

❛♥ ✐♥❝$❡❛/✐♥❣ ❞❡❣$❡❡ ♦❢ ❤❡)❡$♦❣❡♥❡✐)② ♦♥ )❤❡ /②/)❡♠ /)❛❜✐❧✐)②✱ ❜② ❛♥❛❧②/✐♥❣ )✐♠❡ /❡$✐❡/ ♣❧♦)/

♦❜)❛✐♥❡❞ )❤$♦✉❣❤ )❤❡ /✐♠✉❧❛)✐♦♥/ ✭❋✐❣✳ ✺✮ ❛♥❞ /✉♠♠❛$✐③✐♥❣ )❤❡ ♠❛✐♥ ❞❡/❝$✐♣)✐✈❡ /)❛)✐/)✐❝/

✭❚❛❜✳ ✷✮✳ ■♥ )❤❡/❡ ❣$❛♣❤/ ✇❡ ❛❞❞ ❛♥ ✐✳✐✳❞ ♣♦/✐)✐✈❡ /)♦❝❤❛/)✐❝ ❡$$♦$✳ ■♥ ✜❣ ✺✱ ✇❡ ❝♦♥/✐❞❡$ )❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♠❜✐♥❛)✐♦♥/ ♦❢ ♣❛$❛♠❡)❡$/ ✭γ✱ σǫ✮ ❂ ✭✵✳✶✷✼✱ ✵✮✱ ✭✵✳✶✷✼✱ ✵✳✶✮✱ ✭✵✳✶✾✻✱ ✵✮✱ ✭✵✳✶✾✻✱ ✵✳✶✮

❤♦❧❞✐♥❣ F1 = 2 ❛♥❞ F2 = 3✱ ♣❧♦))✐♥❣ )✐♠❡ /❡$✐❡/ ♦❢ )❤❡ ♣$✐❝❡ ✇❤❡♥ )❤❡ /②/)❡♠ ✐/ /)❛❜❧❡✴✉♥/)❛❜❧❡

❜♦)❤ ✐♥ )❤❡ ❞❡)❡$♠✐♥✐/)✐❝ ✭σǫ❂✵✮ ❛♥❞ /)♦❝❤❛/)✐❝ ✭σǫ❂✵✳✶✮❝❛/❡✳ ■♥ )❤❡ )♦♣ ♣❛♥❡❧ ✭✺ ✭❛✮✮ )❤❡$❡

✐/ ❛ ♣❡$✐♦❞ ✷✲❝②❝❧❡✱ ❛❞❞✐♥❣ )❤❡ ♥♦✐/❡ ✐/ ❛❞❞❡❞ ✭✺ ✭❝✮✮✱ )❤❡ )✇♦ ❢✉♥❞❛♠❡♥)❛❧✐/) ❜❡❧✐❡❢/ ❛❜♦✉)

)❤❡ ♣$✐❝❡ ❜❡❝♦♠❡ ♠♦$❡ ❝♦♠♣❧❡①✱ ❣❡♥❡$❛)✐♥❣ ❧❛$❣❡$ ❛♥❞ ✐$$❡❣✉❧❛$ ✢✉❝)✉❛)✐♦♥/ ❛$♦✉♥❞ )❤❡

❢✉♥❞❛♠❡♥)❛❧ ♣$✐❝❡✳ ❲❤❡♥ )❤❡ ❛❝)✐✈✐)② ♦❢ )❤❡ ♠❛$❦❡) ♠❛❦❡$ ❜❡❝♦♠❡/ ✐♥❝$❡❛/✐♥❣❧② /)$♦♥❣❡$ ✭✺

✭❜✮✱ ✺ ✭❞✮✮✱ )❤❡ ♠❛$❦❡) ❞✐/♣❧❛②/ ♠✉❝❤ ♠♦$❡ ❝♦♠♣❧✐❝❛)❡❞ ❞②♥❛♠✐❝/ ❝❤❛$❛❝)❡$✐③❡❞ ❜② ✐$$❡❣✉❧❛$

)✐♠❡ /❡$✐❡/ ❛♥❞ /❤♦✇✐♥❣ ❛ ❤✐❣❤❡$ ✈♦❧❛)✐❧✐)②✳

❋✐❣✉$❡ ✺✿ ❚✐♠❡ )❡-✐❡) ♦❢ ❢✉♥❞❛♠❡♥%❛❧ ♣-✐❝❡ ❢♦- %❤❡ )♣❡❝✐✜❡❞ ♣❛-❛♠❡%❡-) ✇✐%❤ ♥♦✐)❡✿✭❛✮ ❛♥❞ ✭❜✮❀ ✭%✐♠❡

)❡-✐❡) ♦❢ ❢✉♥❞❛♠❡♥%❛❧ ♣-✐❝❡ ❢♦- %❤❡ )♣❡❝✐✜❡❞ ♣❛-❛♠❡%❡-) ❛♥❞ ✇✐%❤♦✉% ♥♦✐)❡✿ ✭❝✮ ❛♥❞ ✭❞✮✳

■♥❝$❡❛/✐♥❣❧② ❝♦♠♣❧❡① ❞②♥❛♠✐❝/ ❛$❡ /❤♦✇♥ ❛❧/♦ ✐♥ ❋✐❣✳ ✻ ✇❤❡$❡ ✶✵✵ ❝♦♥/❡❝✉)✐✈❡ ✈❛❧✉❡/ ♦❢

)❤❡ ♣$✐❝❡ ❛$❡ ♣❧♦))❡❞ ❢♦$ )❤$❡❡ ❞✐✛❡$❡♥) /❡)/ ♦❢ ✈❛❧✉❡/ ♦❢ ✭F1, F2✱ γ✱ σǫ✮✳ ■♥ ♣❛♥❡❧ ✭❛✮ F1, F2 ❛$❡

❡O✉❛❧ ❛♥❞ )✐♠❡ /❡$✐❡/ O✉❛/✐ ♣❡$✐♦❞✐❝❛❧❧② ✢✉❝)✉❛)❡ ❛$♦✉♥❞ )❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ )❤❡ ♣$✐❝❡✳ ❚❤❡

✈❛$✐❛❜✐❧✐)② ♦❢ )❤❡ )✐♠❡ /❡$✐❡/ $❡✢❡❝)/ )❤❡ ✐♥❝$❡❛/❡ )❤❡ ❞❡❣$❡❡ ♦❢ ❤❡)❡$♦❣❡♥❡✐)②✱ )❤✐/ ✐/ ♦❜/❡$✈❛❜❧❡

✐♥ ♣❛♥❡❧ ✻ ✭❝✲❞✮ ❛♥❞ ✭❡✲❢✮ ❢♦$ ❛ ♠✉❝❤ ❤✐❣❤❡$ ❞❡❣$❡❡ ♦❢ ❤❡)❡$♦❣❡♥❡✐)②✳ ❚❤✐/ ✐/ )❤❡ ♠♦/)

✐♥)❡$❡/)✐♥❣ /❝❡♥❛$✐♦✱ ❜❡❝❛✉/❡ )❤❡ ❞②♥❛♠✐❝/ /❤♦✇♥ ✐♥ ❋✐❣✉$❡ ✻ ❛$❡ ♣❡$❢❡❝)❧② ❝♦♠♣❛$❛❜❧❡ ✇✐)❤

)❤♦/❡ ♦❜)❛✐♥❡❞ ❜② ❡♠♣❧♦②✐♥❣ ♠♦$❡ /♦♣❤✐/)✐❝❛)❡❞ /)♦❝❤❛/)✐❝ ♠♦❞❡❧✳ ❖✉$ /✐♠♣❧❡ ♠♦❞❡❧ ✐/ ❛❜❧❡

)♦ ❣❡♥❡$❛)❡ /✐♠✉❧❛)✐♦♥/ ♦❢ /♦♠❡ ♦❢ )❤❡ ♠♦/) ❝$✉❝✐❛❧ ✐//✉❡/ ❤❛♣♣❡♥✐♥❣ ✐♥ )❤❡ ✜♥❛♥❝✐❛❧ ♠❛$❦❡)/✱

✾



✐♥ ♣❛$%✐❝✉❧❛$ %❤❡ ❡①❝❡,, ✈♦❧❛%✐❧✐%②✳ ❚❛❜❧❡ ✷ ,✉♠♠❛$✐③❡, ,♦♠❡ ♦❢ %❤❡ ❞❡,❝$✐♣%✐✈❡ ,%❛%✐,%✐❝,

$❡❧❛%❡❞ %♦ %❤❡ ,✐♠✉❧❛%✐♦♥, $✉♥ ♦✈❡$ t = 10, 000 ♣❡$✐♦❞,✳ ❆, ❡①♣❡❝%❡❞ ❛♥ ✐♥❝$❡❛,✐♥❣ ❞❡❣$❡❡

♦❢ ❤❡%❡$♦❣❡♥❡✐%② ❧❡❛❞, %♦ ❛♥ ✐♥❝$❡❛,❡ ✐♥ %❤❡ ♠❡❛♥ ❛♥❞ ♠❡❞✐❛♥ ♦❢ %❤❡ %✐♠❡ ,❡$✐❡, ❛, %❤❡ %✇♦

❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡, ❛❝% ❛, ❢♦❝❛❧ ♣♦✐♥%,✳ ❈♦♠♣❛$❡❞ %♦ %❤❡ ✈❛$✐❛♥❝❡ ♦❢ (F1;F2) = (2, 2), (2, 3)
%❤❡ ✈❛$✐❛♥❝❡ ♦❢ (F1;F2) = (2, 8) ✐, ❛❧♠♦,% ❞♦✉❜❧❡✱ %❤✐, ❝❧❡❛$❧② $❡✢❡❝%, ,%$♦♥❣ ❡①❝❡,, ✈♦❧❛%✐❧✐%②✳

❙✐♥❝❡ %❤❡ ❦✉$%♦,✐, ✐, ❛❧✇❛②, ❧♦✇❡$ %❤❛♥ ✸ ✭✐✳❡✳ %❤❡ %❤❡♦$❡%✐❝❛❧ ✈❛❧✉❡ ♦❢ ❛ ◆♦$♠❛❧ ❞✐,%$✐❜✉%✐♦♥✮✱

%❤❡ ❝♦♠♣✉%❡❞ %✐♠❡ ,❡$✐❡, ❞♦ ♥♦% ♣♦,,❡,, ❢❛% %❛✐❧,✳

❋✐❣✉$❡ ✻✿  !✐❝❡ ❝❤❛!'( ❢♦! ❞✐✛❡!❡♥' ❞❡❣!❡❡( ♦❢ ❤❡'❡!♦❣❡♥❡✐'② ✭F1, F2✮✱ γ ✈❛❧✉❡(✱ ❛♥❞ ✐♥ ♣!❡(❡♥❝❡

✭❛❜(❡♥❝❡✮ ♦❢ ♥♦✐(❡ ✭σǫ❂✵✳✶❀✵✮

(F1;F2)

✭✷❀ ✷✮ ✭✷❀ ✸✮ ✭✷❀ ✽✮

▼❡❛♥ σǫ ❂ ✵✳✶ ✶✵✳✾✶ ✶✵✳✾✼ ✶✷✳✼✾

σǫ ❂ ✵ ✶✵✳✺✽ ✶✵✳✼✸ ✶✷✳✻✾

▼❡❞✐❛♥ σǫ ❂ ✵✳✶ ✶✵✳✸✽ ✶✵✳✶✶ ✶✸✳✹✾

σǫ ❂ ✵ ✶✵✳✺✽ ✶✵✳✼✸ ✶✷✳✻✾

❱❛$✐❛♥❝❡ σǫ ❂ ✵✳✶ ✷✹✳✵✽ ✷✽✳✷✼ ✹✶✳✶

σǫ ❂ ✵ ✷✻✳✵✼ ✷✾✳✺✻ ✹✶✳✺✾

❑✉$%♦,✐, σǫ ❂ ✵✳✶ ✶✳✽✺ ✶✳✼✹ ✶✳✽✷

σǫ ❂ ✵ ✶✳✼✸ ✶✳✻✸ ✶✳✼✽

❙❦❡✇♥❡,, σǫ ❂ ✵✳✶ ✲✵✳✷✾ ✲✵✳✶✾ ✲✵✳✸✶

σǫ ❂ ✵ ✲✵✳✶✸ ✲✵✳✵✻ ✲✵✳✷✻

❚❛❜❧❡ ✷✿ ❉❡(❝!✐♣'✐✈❡ ('❛'✐('✐❝( ♦❢ '❤❡ (✐♠✉❧❛'❡❞ '✐♠❡ (❡!✐❡(

❆, ,✉❣❣❡,%❡❞ ❜② ❲❡,%❡$❤♦✛ ❛♥❞ ❋$❛♥❦❡ ✭✷✵✵✾✮✱ ✐♥ ♦$❞❡$ %♦ ❞❡%❡$♠✐♥❡ %❤❡ ❛❜✐❧✐%② ♦❢ %❤❡

♠♦❞❡❧ %♦ $❡♣❧✐❝❛%❡ ❡♠♣✐$✐❝❛❧ ❧♦♥❣ ♠❡♠♦$② ❡✛❡❝%,✱ ✇❡ ♣❡$❢♦$♠ %❤❡ ❛✉%♦❝♦$$❡❧❛%✐♦♥ ❢✉♥❝%✐♦♥

♣❧♦%, ❢♦$ ❛❧❧ %❤❡ ❝♦♠❜✐♥❛%✐♦♥ ♦❢ ♣$✐❝❡,✱ ✐♥✈❡♥%♦$② ❛♥❞ ❢✉♥❞❛♠❡♥%❛❧ ✈❛❧✉❡, ✐♥%$♦❞✉❝❡❞ ❜❡❢♦$❡✳

❋✐❣✉$❡ ✭✾✮ ❛♥❞ ✭✶✵✮ ✐♥ ❆♣♣❡♥❞✐① ❇ ❞❡♣✐❝% %❤❡ ❛✉%♦❝♦$$❡❧❛%✐♦♥ ❢✉♥❝%✐♦♥, ♦❢ ♣$✐❝❡, ❛♥❞ ✐♥✈❡♥✲

%♦$✐❡,✳ ■♥ ❡✐❣❤% ♦✉% ♦❢ %❡♥ ♣❧♦%, ✐% ✐, $❡✈❡❛❧❡❞ %❤❡ ♣$❡,❡♥❝❡ ♦❢ ,✐❣♥✐✜❝❛♥% ❝♦$$❡❧❛%✐♦♥✳ ❍♦✇❡✈❡$✱

❢♦$ ❤✐❣❤❡$ ❞❡❣$❡❡ ♦❢ ❤❡%❡$♦❣❡♥❡✐%② ✭F1 = 2✱ F2 = 8✮ %❤❡ ♠♦❞❡❧ ,✉❝❝❡,,❢✉❧❧② $❡♣$♦❞✉❝❡, %❤❡

,%②❧✐③❡❞ ❢❛❝%, ♦❢ ✉♥❝♦$$❡❧❛%❡❞ ♣$✐❝❡, ❛♥❞ ✐♥✈❡♥%♦$②✳

✶✵



✹✳✷ ❊♥❞♦❣❡♥♦✉* ❋,❛❝/✐♦♥* ✇✐/❤ ❇❍

■♥ "❤✐% %❡❝"✐♦♥ ✇❡ ❛♥❛❧②%❡ ✧"❤.♦✉❣❤✧ %✐♠✉❧❛"✐♦♥ ❛ ❣❡♥❡.❛❧✐③❡❞ ✈❡.%✐♦♥ ♦❢ "❤❡ ❛❜♦✈❡ ♠♦❞❡❧

✇❤❡♥ ❢.❛❝"✐♦♥% ♦❢ ❛❣❡♥"% ❛.❡ ❡♥❞♦❣❡♥♦✉%✳ ❲❡ ❛%%✉♠❡ "❤❛" ❛❣❡♥"% ❝❛♥ %✇✐"❝❤ ❢.♦♠ ❣✉.✉ "♦ "❤❡

♦"❤❡. ❢♦❧❧♦✇✐♥❣ ❛♥ ❛❞❛♣"✐✈❡ ❜❡❧✐❡❢ %②%"❡♠ ❧❛ ❇.♦❝❦ ❛♥❞ ❍♦♠♠❡% ✭✶✾✾✼✱ ✶✾✾✽✮✳ ❙♣❡❝✐✜❝❛❧❧②✱

"❤❡ ❢.❛❝"✐♦♥% ♦❢ ❛❣❡♥"% ni ✐%✿

ni,t+1 =
exp[−β(F1 − Pt)

2]

exp[−β(F1 − Pt)2] + exp[−β(F2 − Pt)2]
. ✭✷✼✮

✇❤❡.❡ β ✐% "❤❡ %♦✲❝❛❧❧❡❞ ✐♥"❡♥%✐"② ♦❢ ❝❤♦✐❝❡✱ ❛ ♣❛.❛♠❡"❡. ✇❤✐❝❤ ❛%%❡%%❡% ❤♦✇ I✉✐❝❦❧② ❛❣❡♥"%

 ✇✐#❝❤ ❜❡"✇❡❡♥ "❤❡ "✇♦ ♣.❡❞✐❝"✐♦♥%✳ ❙✉❜%"✐"✉"✐♥❣ ✭✷✼✮ ✐♥ ✭✶✸✮ ✇❡ ♦❜"❛✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡.❛❧

♠❛♣✿

{

Pt+1 = Pt[1 + γ[n1,t+1(F1 − Pt) + n2,t+1(F2 − Pt) + κIt + Id − zs]] + µt

It+1 = κIt + Id + [zs − [n1,t+1(F1 − Pt) + n2,t+1(F2 − Pt)]] + µt

✭✷✽✮

■♥ ❋✐❣✳ ✼ ✇❡ .❡♣❧✐❝❛"❡ "❤❡ ♣❛.❛♠❡"❡. ❜❛%✐♥ ♦❢ ❛"".❛❝"✐♦♥ ♦❢ "❤❡ ✜❣✳ ✹ ✇✐"❤ ❛ %♠❛❧❧ β = 0.1✳
■" ✐% ✇♦."❤ ♥♦"✐♥❣ "❤❛" ❞✐✛❡.❡♥"❧② ❢.♦♠ ❋✐❣✳ ✹✱ ❢♦. ❛ ✈❡.② ❧♦✇ κ %"❛❜✐❧✐"② ♦❝❝✉.% ❛❧%♦ ✇❤❡♥

❢.❛❝"✐♦♥% ❛.❡ ❤♦♠♦❣❡♥❡♦✉%✳ ❆ ❢✉."❤❡. ✐♥❝.❡❛%❡ ✐♥ "❤❡ ♣❛.❛♠❡"❡.% ✈❛❧✉❡ ❧❡❛❞% "♦ ✐♥%"❛❜✐❧✐"②✳ ❆%

✇❡ ❡①♣❡❝"✱ ✐❢ β ✐♥❝.❡❛%❡%✱ "❤❡ %❡" ♦❢ ♣❛.❛♠❡"❡.% ❢♦. ✇❤✐❝❤ "❤❡.❡ ✐% ✐♥%"❛❜✐❧✐"② ✐% ❧❡%% .❡%".✐❝"✐✈❡

✽✳ ❚❤❡ "❛❜❧❡ ✸ ❝♦✉❧❞ ❜❡ ❝♦♠♣❛.❛❜❧❡ ✇✐"❤ ❚❛❜✳ ✷✳ ❍♦✇❡✈❡.✱ ❢.♦♠ "❤❡ %"❛"✐%"✐❝❛❧ ♣♦✐♥" ♦❢ ✈✐❡✇

"❤❡ ❝♦♥❝❧✉%✐♦♥% ❛.❡ "❤❡ %❛♠❡✿ "❤❡ ❣.❡❛"❡. "❤❡ ❤❡"❡.♦❣❡♥❡✐"② ❛♠♦♥❣ "❤❡ ❛❣❡♥"% "❤❡ ❣.❡❛"❡. "❤❡

♠❡❛♥ ✴ ♠❡❞✐❛♥ ✴ ✈❛.✐❛♥❝❡ ♦❢ "❤❡ %❡.✐❡%✳

❋✐❣✉.❡ ✼✿ ◗✉❛❧✐%❛%✐✈❡ ❜❛)✐♥ ♦❢ ❛%%-❛❝%✐♦♥ ❢♦- κ ❛♥❞ F2 ✇✐%❤ ❇❍✳ ▲♦❝❛❧ )%❛❜✐❧✐%② -❡❣✐♦♥ ✭❛✮✱ ;❡-✐♦❞✲✷

❝②❝❧❡ ✭❜✮✱ ❢✉-%❤❡- ♣❡-✐♦❞✲❞♦✉❜❧✐♥❣ ❝②❝❧❡) ✭❝✮✱ ✭❞✮✱ ✭❡✮

✶✶



❋✐❣✉$❡ ✽✿ Pt ❇✐❢✉$❝❛'✐♦♥* ♣❧♦'* ♦❢ ❞❡❣$❡❡* ♦❢ ❤❡'❡$♦❣❡♥❡✐'② ✭∆F ✮ ✈❛$✐❛'✐♦♥ ❢♦$ β = (0.1, 0.2, 0.3)✱
✇✐'❤ ni ❡♥❞♦❣❡♥♦✉*✳ ❚✐♠❡ *❡$✐❡* ❝❤❛$'* ❛$❡ ❝♦♠♣✉'❡❞ ❢♦$ (F1, F2) = (2, 3)

❉❡)❝$✐♣,✐✈❡ ❙,❛,✐),✐❝ ◆♦✐)❡ (F1;F2)

β = 0.1 β = 0.2 β = 0.3

✭✷❀✷✮ ✭✷❀✸✮ ✭✷❀✽✮ ✭✷❀✷✮ ✭✷❀✸✮ ✭✷❀✽✮ ✭✷❀✷✮ ✭✷❀✸✮ ✭✷❀✽✮

▼❡❛♥ σ = 0.1 ✶✶✳✻✹ ✶✶✳✽✺ ✶✺✳✼ ✶✵✳✸✷ ✶✶✳✺✶ ✶✺✳✻✺ ✶✵✳✶✽ ✶✶✳✷✻ ✶✺✳✹✽

σ = 0 ✶✶✳✻✺ ✶✶✳✸✾ ✶✺✳✵✻ ✶✵✳✷✶ ✶✶✳✶✸ ✶✹✳✸✺ ✶✵✳✸✾ ✶✶✳✸✷ ✶✺✳✶✸

▼❡❞✐❛♥ σ = 0.1 ✶✷✳✸✻ ✶✶✳✼✷ ✶✻✳✹✼ ✽✳✵✹ ✶✶✳✵✷ ✶✻✳✹✸ ✽✳✼✺ ✶✶✳✼ ✶✻✳✷✹

σ = 0 ✶✷✳✸✾ ✶✵✳✵✻ ✶✻✳✷✾ ✶✵✳✶✷ ✾✳✸✽ ✶✷✳✼✷ ✶✵✳✽✻ ✶✶✳✻✸ ✶✻✳✼✾

❱❛$✐❛♥❝❡ σ = 0.1 ✶✽✳✶✺ ✷✺✳✹✺ ✹✾✳✵✷ ✷✼✳✺✾ ✷✽✳✽✸ ✹✾✳✺✻ ✷✽✳✺✾ ✸✶✳✶✹ ✺✶✳✼

σ = 0 ✶✽✳✵✹ ✷✽✳✼✼ ✺✵✳✵✸ ✷✾✳✵✻ ✸✶✳✷✾ ✻✵✳✶✽ ✷✼✳✽ ✸✵✳✻✶ ✺✺✳✽✻

❙❦❡✇♥❡)) σ = 0.1 ✲✵✳✺✸ ✲✵✳✸✸ ✲✵✳✷✹ ✲✵✳✵✺ ✲✵✳✷✸ ✲✵✳✷✸ ✲✵✳✵✹ ✲✵✳✷✽ ✲✵✳✷✹

σ = 0 ✲✵✳✺✸ ✲✵✳✶✺ ✲✵✳✷✶ ✲✵✳✷✹ ✲✵✳✵✼ ✵✳✵✻ ✲✵✳✷✼ ✲✵✳✷✼ ✲✵✳✸✷

❑✉$,♦)✐) σ = 0.1 ✷✳✶✻ ✶✳✾ ✶✳✻✾ ✶✳✻✷ ✶✳✼✼ ✶✳✻✺ ✶✳✻✷ ✶✳✽ ✶✳✻✻

σ = 0 ✷✳✶✺ ✶✳✼✺ ✶✳✻✺ ✶✳✼✼ ✶✳✻✺ ✶✳✺✺ ✶✳✼✾ ✶✳✼✾ ✶✳✼✼

❚❛❜❧❡ ✸✿ ❉❡*❝$✐♣'✐✈❡ *'❛'✐*'✐❝* ♦❢ '❤❡ *✐♠✉❧❛'❡❞ '✐♠❡ *❡$✐❡* ✇✐'❤ ni ❛ ❧❛ ❇#♦❝❦ ❛♥❞ ❍♦♠♠❡, ❢♦$ ❞✐✛❡$❡♥' ✈❛❧✉❡*

♦❢ β ❛♥❞ ❞✐✛❡$❡♥' ❛❣❡♥'* ❜❡❧✐❡❢*

✶✷



✺ ❈♦♥❝❧✉'✐♦♥'

❚❤✐# ♣❛♣❡' ❝♦♥+'✐❜✉+❡# +♦ +❤❡ ❞❡✈❡❧♦♣♠❡♥+ ♦❢ ✜♥❛♥❝✐❛❧ ♠❛'❦❡+ ♠♦❞❡❧❧✐♥❣ ❛♥❞ ❛##❡+ ♣'✐❝❡

❞②♥❛♠✐❝# ✇✐+❤ ❤❡+❡'♦❣❡♥❡♦✉# ❛❣❡♥+#✳ ❲❡ ❞❡✈❡❧♦♣ ❛ ♠♦❞❡❧ ♦❢ ❛##❡+ ♣'✐❝❡ ❛♥❞ ✐♥✈❡♥+♦'② ✐♥ ❛

#❝❡♥❛'✐♦ ✇❤❡'❡ ❛ ♠❛'❦❡+ ♠❛❦❡' #❡+# +❤❡ ♣'✐❝❡ +♦ ❝❧❡❛' +❤❡ ♠❛'❦❡+✳ ■♥ ❞♦✐♥❣ #♦✱ +❤❡ ♠❛'❦❡+

♠❛❦❡' ❝♦♥#✐❞❡'# +❤❡ ❡①❝❡## ❞❡♠❛♥❞ ♦❢ +✇♦ ❣'♦✉♣# ♦❢ ❛❣❡♥+# +❤❛+ ❡♠♣❧♦② +❤❡ #❛♠❡ +'❛❞✐♥❣ '✉❧❡

✭✐✳❡✳ +✇♦ ❢✉♥❞❛♠❡♥+❛❧✐#+#✮ ❜✉+ ✇✐+❤ ❞✐✛❡'❡♥+ ❜❡❧✐❡❢# ♦♥ +❤❡ ❢✉♥❞❛♠❡♥+❛❧ ♣'✐❝❡#✳ ▼♦'❡♦✈❡'✱
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❬✶✻❪ ❑✐?♠❛♥ ❆✳ ✭✶✾✾✶✮ ✲ ❊♣✐❞❡♠✐❝B ♦❢ ♦♣✐♥✐♦♥ ❛♥❞ B♣❡❝✉❧❛8✐✈❡ ❜✉❜❜❧❡B ✐♥ ✜♥❛♥❝✐❛❧ ♠❛?❦❡8B

▼♦♥❡② ❛♥❞ ❋✐♥❛♥❝✐❛❧ ▼❛?❦❡8B ❡❞ ▼ ❚❛②❧♦? ✭❖①❢♦?❞✿ ❇❧❛❝❦✇❡❧❧✮ ♣♣ ✸✺✹ ✲ ✸✻✽

❬✶✼❪ ▼❛❞❤❛✈❛♥ ❆✳✱ ❙♠✐❞8 ❙✳✭✶✾✾✸✮ ✲ ❆♥ ❛♥❛❧②B✐B ♦❢ ❝❤❛♥❣❡B ✐♥ B♣❡❝✐❛❧✐B8 ✐♥✈❡♥8♦?✐❡B ❛♥❞

C✉♦8❛8✐♦♥B✳ ❚❤❡ ❏♦✉?♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ✹✽✳✺✿ ✶✺✾✺ ✲ ✶✻✷✽✳

❬✶✽❪ ▼❛♥❦✐✇✱ ◆✳ ●✳✱ ❘❡✐B✱ ❘✳✱ ❲♦❧❢❡?B✱ ❏✳ ✭✷✵✵✸✮✳ ❉✐B❛❣?❡❡♠❡♥8 ❛❜♦✉8 ✐♥✢❛8✐♦♥ ❡①♣❡❝8❛8✐♦♥B

✭◆♦✳ ✇✾✼✾✻✮✳ ◆❛8✐♦♥❛❧ ❇✉?❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡B❡❛?❝❤

✶✹



❬✶✾❪ ◆❛✐♠③❛❞❛ ❆✳ ❑✳✱ ❘✐❝❝❤✐✉2✐ ●✳ ✭✷✵✵✽✮ ✲ ❍❡2❡<♦❣❡♥❡♦✉@ ❋✉♥❞❛♠❡♥2❛❧✐@2@ ❛♥❞ ■♠✐2❛2✐✈❡

E<♦❝❡@@❡@✱ ❆♣♣❧✐❡❞ ▼❛2❤❡♠❛2✐❝@ ❛♥❞ ❈♦♠♣✉2❛2✐♦♥✱ ❱♦❧✉♠❡ ✶✾✾✱ ■@@✉❡ ✶✱ ✶✺ ▼❛② ✷✵✵✽✱

E❛❣❡@ ✶✼✶ ✲ ✶✽✵✳

❬✷✵❪ ◆❛✐♠③❛❞❛ ❆✳ ❑✳✱ ❘✐❝❝❤✐✉2✐ ●✳ ✭✷✵✵✾✮ ✲ ❉②♥❛♠✐❝ ❊✛❡❝2@ ♦❢ ■♥❝<❡❛@✐♥❣ ❍❡2❡<♦❣❡♥❡✐2② ✐♥

❋✐♥❛♥❝✐❛❧ ▼❛<❦❡2@✱ ❈❤❛♦@✱ ❙♦❧✐2♦♥@ ❛♥❞ ❋<❛❝2❛❧@✱ ❱♦❧✉♠❡ ✹✶✱ ■@@✉❡ ✹✱ ✶✼✻✹ ✲ ✶✼✼✷

❬✷✶❪ ◆❛✐♠③❛❞❛ ❆✳ ❑✳✱ ❘✐❝❝❤✐✉2✐ ●✳ ✭✷✵✶✷✮ ✲ ❙2✉❞②✐♥❣ ❍❡2❡<♦❣❡♥❡✐2② ❛♠♦♥❣ ❋✉♥❞❛♠❡♥2❛❧✐@2@

✐♥ ❋✐♥❛♥❝✐❛❧ ▼❛<❦❡2@✿ ❆ ◆♦2❡✱ ❆♣♣❧✐❡❞ ▼❛2❤❡♠❛2✐❝@ ❛♥❞ ❈♦♠♣✉2❛2✐♦♥✱ ❱♦❧✉♠❡ ✷✶✾✱ ■@@✉❡

✸✱ ✶✺ ❖❝2♦❜❡< ✷✵✶✷✱ E❛❣❡@ ✼✾✷ ✲ ✼✾✾

❬✷✷❪ ◆❛✐♠③❛❞❛ ❆✳ ❑✳✱ ❘✐❝❝❤✐✉2✐✱ ●✳ ✭✷✵✶✹✮ ✲ ❈♦♠♣❧❡①✐2② ✇✐2❤ ❍❡2❡<♦❣❡♥❡♦✉@ ❋✉♥❞❛♠❡♥2❛❧✐@2@

❛♥❞ ❛ ▼✉❧2✐♣❧✐❝❛2✐✈❡ E<✐❝❡ ▼❡❝❤❛♥✐@♠✱ ❊❝♦♥♦♠✐❝ ◆♦2❡@✱ ❢♦"#❤❝♦♠✐♥❣

❬✷✸❪ ❏✉<② ❊✳■✳ ✭✶✾✼✹✮ ✲ ■♥♥❡<@ ❛♥❞ @2❛❜✐❧✐2② ♦❢ ❞②♥❛♠✐❝ @②@2❡♠@✳ ◆❡✇ ②♦<❦✿ ❲✐❧❡②

❬✷✹❪ ❙❡2❤✐ ❘✳ ✭✶✾✾✻✮ ✲ ❊♥❞♦❣❡♥♦✉@ <❡❣✐♠❡ @✇✐2❝❤✐♥❣ ✐♥ @♣❡❝✉❧❛2✐✈❡ ♠❛<❦❡2@✱ ❙2<✉❝2✉<❛❧ ❈❤❛♥❣❡

❛♥❞ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝@ ✼ ✭✶✾✾✻✮ ✾✾ ✲ ✶✶✽✳

❬✷✺❪ ❲❡@2❡<❤♦✛✱ ❋✳ ✭✷✵✵✸❛✮ ✲ ▼❛<❦❡2✲♠❛❦❡<✱ ✐♥✈❡♥2♦<② ❝♦♥2<♦❧ ❛♥❞ ❢♦<❡✐❣♥ ❡①❝❤❛♥❣❡ ❞②♥❛♠✲

✐❝@✱ ◗✉❛♥2✐2❛2✐✈❡ ❋✐♥❛♥❝❡ ✸✱ ✸✻✸ ✲ ✸✻✾✳

❬✷✻❪ ❲❡@2❡<❤♦✛✱ ❋✳ ✭✷✵✵✸❜✮ ✲ ❙♣❡❝✉❧❛2✐✈❡ ♠❛<❦❡2@ ❛♥❞ 2❤❡ ❡✛❡❝2✐✈❡♥❡@@ ♦❢ ♣<✐❝❡ ❧✐♠✐2@✱ ❏♦✉<♥❛❧

♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝@ ❛♥❞ ❈♦♥2<♦❧ ✷✽✳✸✿ ✹✾✸ ✲ ✺✵✽✳

❬✷✼❪ ❲❡@2❡<❤♦✛✱ ❋✳✱ ❉✐❡❝✐ ❘✳ ✭✷✵✵✻✮ ✲ ❚❤❡ ❡✛❡❝2✐✈❡♥❡@@ ♦❢ ❑❡②♥❡@ 2♦❜✐♥ 2<❛♥@❛❝2✐♦♥ 2❛①❡@

✇❤❡♥ ❤❡2❡<♦❣❡♥❡♦✉@ ❛❣❡♥2@ ❝❛♥ 2<❛❞❡ ✐♥ ❞✐✛❡<❡♥2 ♠❛<❦❡2@✿ ❛ ❜❡❤❛✈✐♦✉<❛❧ ✜♥❛♥❝❡ ❛♣♣<♦❛❝❤✱

❏♦✉<♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝@ ❛♥❞ ❈♦♥2<♦❧ ✸✵✿✷ ✷✾✸✲✸✷✷✳

❬✷✽❪ ❲❡@2❡<❤♦✛✱ ❋✳✱ ❋<❛♥❦❡ ❚✳ ✭✷✵✵✾✮ ✲ ❈♦♥✈❡<@❡ ❚<❛❞✐♥❣ ❙2<❛2❡❣✐❡@✱ ■♥2<✐♥@✐❝ ◆♦✐@❡ ❛♥❞ 2❤❡

❙2②❧✐③❡❞ ❋❛❝2@ ♦❢ ❋✐♥❛♥❝✐❛❧ ▼❛<❦❡2@✱ ◗✉❛♥2✐2❛2✐✈❡ ❋✐♥❛♥❝❡ ✶✷✭✸✮✱ ✹✷✺ ✲ ✹✸✻

❬✷✾❪ ❩❤✉✱ ▼✳✱ ❈❤✐❛<❡❧❧❛✱ ❈✳✱ ❍❡✱ ❳✳ ❩✳✱ ❛♥❞ ❲❛♥❣✱ ❉✳ ✭✷✵✵✾✮ ✲ ❉♦❡@ 2❤❡ ♠❛<❦❡2 ♠❛❦❡< @2❛❜✐❧✐③❡

2❤❡ ♠❛<❦❡2❄✳ E❤②@✐❝❛ ❆✿ ❙2❛2✐@2✐❝❛❧ ▼❡❝❤❛♥✐❝@ ❛♥❞ ✐2@ ❆♣♣❧✐❝❛2✐♦♥@✱ ✸✽✽✭✶✺✮✱ ✸✶✻✹ ✲ ✸✶✽✵✳
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✻ ❆♣♣❡♥❞✐① ❆

■♥ "❤✐% ❛♣♣❡♥❞✐①✱ ✇❡ ❡①♣❧❛✐♥ ❢♦0 ❡❛%② 0❡❢❡0❡♥❝❡ "❤❡ ♠❛"❤❡♠❛"✐❝❛❧ ♣0♦❝❡❞✉0❡% ✉%❡❞ ✐♥ ♦✉0

❛♥❛❧②%✐%✱ ✐♥ ♣❛0"✐❝✉❧❛0 ✇❡ ❞❡✈❡❧♦♣ ❛ %"❡♣ ❜② %"❡♣ ♣0♦❝❡❞✉0❡ ❢♦0 "❤❡ ✜①❡❞ ♣♦✐♥"% ❝♦♠♣✉"❛"✐♦♥✳

❙"❡♣ ✶✮ ❚❤❡ %②%"❡♠ ♦❢ ♣0✐❝❡% ❛♥❞ ✐♥✈❡♥"♦0② ✐%✿

{

Pt+1 = Pt[1 + γ[n1(F1 − Pt) + n2(F2 − Pt) + κIt + Id − zs]] + µt

It+1 = κIt + Id + [zs − [n1(F1 − Pt) + n2(F2 − Pt)]] + µt

✭✷✾✮

❙"❡♣ ✷✮ ❙❡""✐♥❣ P ∗ ❛♥❞ I∗ ❛% ❢♦❧❧♦✇%✿

Pt = Pt+1 = P ∗

It = It+1 = I∗

✇✐"❤ G = n1F1 + n2F2

✇❡ ♦❜"❛✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣ %②%"❡♠ ♦❢ ❡B✉❛"✐♦♥%✿

{

P ∗ = P ∗ + P ∗γ[n1(F1 − Pt) + n2(F2 − Pt) + κIt + Id − zs]] + µt

I∗ = zs−(n1F1−n1Pt+n2F2−n2Pt)+Id

1−κ

✭✸✵✮

❙"❡♣ ✸✮ ✜①❡❞ ♣♦✐♥() ❛0❡ ♦❜"❛✐♥❡❞ ❜② %❡""✐♥❣ P ∗ = 0 ❛♥❞ G = n1F1 + n2F2

{

P ∗1 = 0

I∗1 = zs+Id
−G

1−κ

✭✸✶✮

❙"❡♣ ✹✮ "❤❡ %❡❝♦♥❞ %♦❧✉"✐♦♥ ♦❢ "❤❡ %②%"❡♠ ✐% ❝♦♠♣✉"❡❞ ❜② %♦❧✈✐♥❣ "❤❡ %②%"❡♠ ❢♦0 P ∗ ❛♥❞

I∗✳

{

G− P ∗ + κI∗ + Id − zs = 0

I∗ = 1
1−κ

[

Id + zs −G+ P ∗
]

✭✸✷✮

❙"❡♣ ✺✮ ❲❡ %✉❜%"✐"✉"❡ I∗ ✐♥ "❤❡ ✜0%" ❡B✉❛"✐♦♥✿

{

P ∗ = G+ κ
1−κ

[

Id + zs −G+ P ∗
]

+ Id − zs

I∗ = 1
1−κ

[

Id + zs −G+ P ∗
]

✭✸✸✮

❙"❡♣ ✻✮ ❲✐"❤ ❢✉0"❤❡0 0❡❛00❛♥❣❡♠❡♥"% ✇❡ ♦❜"❛✐♥✿







(1−2κ)G−(1−2κ)zs+Id

1−κ
=

(

1−2κ
2−κ

)

P ∗

I∗
(

1− κ
1−κ

)

=
(

1
1−κ

)

2Id
✭✸✹✮

❙"❡♣ ✼✮ ✇❤✐❝❤ ❧❡❛❞% "♦ "❤❡ %❡❝♦♥❞ %❡" ♦❢ ✜①❡❞ ♣♦✐♥"%✿

{

P ∗2 = G− zs +
Id

1−2κ

I∗2 = 2Id

1−2κ

✭✸✺✮
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✼ ❆♣♣❡♥❞✐① ❇

❋✐❣✉$❡ ✾✿ ❆❈❋ ♦❢ Pt ✈❛❧✉❡*✱ ❢♦, ❞✐✛❡,❡♥1 (F1, F2)
❝♦♠❜✐♥❛1✐♦♥* ❛♥❞ ✐♥ ♣,❡*❡♥❝❡ ✭❛❜*❡♥❝❡✮ ♦❢ ♥♦✐*❡

❋✐❣✉$❡ ✶✵✿ ❆❈❋ ♦❢ It ✈❛❧✉❡*✱ ❢♦, ❞✐✛❡,❡♥1 (F1, F2)
❝♦♠❜✐♥❛1✐♦♥* ❛♥❞ ✐♥ ♣,❡*❡♥❝❡ ✭❛❜*❡♥❝❡✮ ♦❢ ♥♦✐*❡

✶✼


