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Abstract

We consider an asymmetric auction setting with two bidders such that the valuation of each bidder
has a binary support. We prove that in this context the second price auction yields a higher expected
revenue than the first price auction for a broad set of parameter values, although the opposite result
is common in the literature on asymmetric auctions. For instance, when the probabilities of high
values are the same, the second price auction is superior unless the distribution of a bidder’s
valuation first order stochastically dominates the distribution of the other bidder’s valuation "in a
strong sense". We prove that this result extends to some degree to the case of unequal probabilities,
and to the case in which the valuation of each bidder is a three-point set. In addition, we show

that in some cases the revenue in the first price auction decreases when all the valuations increase.
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1 Introduction

This paper is about a seller’s preferences between a first price auction (FPA from now on) and a
second price/Vickrey auction (SPA from now on) when the bidders’ valuations are independently
but asymmetrically distributed. Precisely, we consider a setting with two bidders such that the
valuation of each bidder has a binary support (in our final section we consider supports including
three points). In this environment we first derive the unique equilibrium outcome and the expected
revenue in the FPA for all parameter values. Then we compare the revenue in the FPA with the
revenue in the SPA. We prove that the SPA yields a higher revenue than the FPA for a broad set of
parameter values, although the opposite result is common in the literature on asymmetric auctions
(we provide an overview of this literature later on in this introduction). For instance, on the basis
of numeric analysis for some classes of continuous distributions, Li and Riley (2007) claim that ”the
'typical’ case leads to greater expected revenue in the sealed high-bid auction” [i.e., in the FPA]; a
similar point of view is found in Klemperer (1999).

More in detail, we use A\; (A2) to denote the probability of a low value for bidder 1 (bidder 2),

and for the particular case in which A\; = Ay we find the following results.

e The revenue in the FPA may decrease when all the valuations increase, because increasing
the high value of one bidder may induce his opponent to bid less aggressively. This makes
the FPA inferior to the SPA.!

e The SPA is more profitable than the FPA for the seller if a bidder’s valuation is more variable
than the other bidder’s valuation,? or if the distribution of a bidder’s valuation first order
stochastically dominates the distribution of his opponent’s valuation — but not too strongly.
Conversely, the FPA is superior to the SPA if the low value of a bidder is sufficiently larger
than the high value of the other bidder.?

When A1 # Ao we show that several of the above results still hold, whereas others do not.
Furthermore we show that the SPA dominates the FPA if the bidders’ high values are the same.

Finally, we examine a particular setting in which each bidder’s valuation has a three-point
support, and for some small asymmetries we prove the same results we have obtained for binary

supports when A1 = Ao.

'This result contrasts with a claim in Maskin and Riley (1985) for the case in which the only deviation from a
symmetric setting is given by unequal high valuations [this claim is reproduced in Klemperer (1999)]. However, for

this case Maskin and Riley (1983) agree with our ranking between the FPA and the SPA
% After Vickrey (1961), this is the first ranking result in the theoretical literature which does not rely on first order

stochastic dominance among the distributions of valuations.
3Doni and Menicucci (2011) study a procurement setting in which the auctioneer privately observes the qualities

of the products offered by the suppliers and needs to decide how much of the own information on qualities should be
revealed to suppliers before a (first score) auction is held. Our results on the comparison between the FPA and the

SPA when A1 = A2 contribute to determining the best information revelation policy for the auctioneer.



In the rest of this introduction we provide an overview of the related literature. In Section 2
we describe the primitives of our model. In Section 3 we study equilibrium behavior in the SPA
and in the FPA. In Section 4 we present our results on the comparison between the FPA and the
SPA. Finally, in Section 5 we consider three-points supports. Sections 6-12 provide the proofs of

our results.

Related literature The analysis of the FPA when the bidders’ valuations are asymmetrically
and continuously distributed is often difficult because the equilibrium bidding strategies are charac-
terized by a system of differential equations (obtained from the first order condition for each type of
bidder) which has a closed form solution only in very particular cases. For instance, Kaplan and Za-
mir (2010) derive (the inverse) equilibrium bidding functions under asymmetrically and uniformly
distributed valuations; Plum (1992) and Cheng (2006) obtain closed form solutions for some special
cases of power distributions.? Not surprisingly, matters are simpler if there are only two types for
each bidder, rather than a continuum. Indeed, in such a case Maskin and Riley (1983) derive in
closed form an equilibrium in mixed strategies under the assumption that the bidders’ low values
are coincident.” Proposition 1 in our paper extends this result, as we remove their assumption that
the bidders’ low valuations coincide.

As it is well known, with asymmetric distributions the revenue equivalence theorem does not
apply, and the lack of a closed form for the equilibrium bidding functions complicates the comparison
between the FPA and the SPA.S The known results show that there is not a general dominance
of an auction format over the other, but the SPA has been proved to dominate the FPA mainly
in some specific settings, whereas there exist results which establish the superiority of the FPA
for a relatively broad set of circumstances, and not only for some particular examples. Precisely,
Maskin and Riley (2000a) analyze a setting with continuously distributed valuations and show that
the FPA is superior to the SPA if a bidder’s valuation distribution satisfies suitable conditions
(which include log-concavity) and the other bidder’s valuation distribution is obtained by shifting
or stretching to the right the first bidder’s distribution. These results are obtained by examining
the properties of the system of differential equations which characterize the equilibrium bidding
strategies.

Kirkegaard (2011b) provides sufficient conditions for the FPA to dominate the SPA and his
main theorem generalizes the results in Maskin and Riley (2000a) [see also Kirkegaard (2011a)].
He makes two main assumptions. The first one is that the distribution of the valuation of one
bidder, the strong bidder, dominates the distribution for the other bidder, the weak bidder, in

*Cheng (2010) characterizes the auction environments such that each bidder’s equilibrium bidding function is
linear. He shows that this property requires that either each bidder’s value distribution is a power function, or is the

product of a power function and an exponential function.

’Cheng (2011) employs the same setting of Maskin and Riley (1983) in order to show that in some special cases
the asymmetry increases the expected revenue in the FPA, unlike in the examples studied in Cantillon (2008).

Tn order to circumvent this problem, some authors apply numerical methods: see for instance Fibich and Gavish
(2011), Gayle and Richard (2008), Li and Riley (2007), and Marshall et al. (1994).



terms of the reverse hazard rate. The second assumption is more innovative and is related to a
dispersive order among c.d.f.s, according to which the distribution of the strong bidder is more
disperse than the distribution of the weak bidder; we refer to this assumption as to the ”dispersion
condition”.” The approach in Kirkegaard (2011b) does not rely on differential equations, but on a
well known result from mechanism design which establishes that the seller’s expected revenue in an
auction is given by the expected virtual valuation of the winner, at least when the bidders’ lowest
types have the same valuation (see Myerson, 1981). In the SPA the winner is the bidder with the
highest valuation, but reverse hazard rate dominance and the dispersion condition imply that when
the two bidders have the same valuation, the weak bidder has a higher virtual valuation than the
strong bidder. Thus it is intuitive that the FPA is superior to the SPA if the weak bidder wins
more often in the FPA than in the SPA. In fact, the property of reverse hazard rate dominance
implies that in the FPA the weak bidder is more aggressive than the strong bidder, and therefore
sometimes he wins even though his valuation is smaller than the valuation of the strong bidder.
However, in some states of the world the weak bidder may be "too aggressive”, and win even
though his virtual valuation is smaller than the virtual valuation of the strong bidder. This makes
the comparison between the FPA and the SPA not immediate, but Kirkegaard (2011b) shows that
there is no ambiguity in expectation under the dispersion condition, as it implies that the expected
virtual valuation of the winner (conditional on each given value of the weak bidder) is larger in the
FPA than in the SPA.

As we mentioned above, some papers identify settings in which the seller prefers the SPA. For
instance, Vickrey (1961) examines the case in which a bidder’s valuation is common knowledge and
the other bidder’s value is uniformly distributed. The SPA dominates the FPA if the commonly
known value is low enough. Maskin and Riley (2000a) consider the case in which a bidder’s
distribution is obtained from the other bidder’s distribution by shifting some probability mass to
the lower end-point, and in this case the SPA is superior if the initial distribution has an increasing
hazard rate. In the binary setting we mentioned above, Maskin and Riley (1983) show that the SPA
is better than the FPA if the bidders’ high values are approximately equal, or if the probabilities
of a high value are approximately equal.®

We compare the FPA with the SPA in the binary setting without the assumption that low
values are equal, and find that for a broad set of parameters the SPA is superior to the FPA,
as described above. Often, in order for the FPA to dominate the SPA it is necessary that the
distribution of a bidder’s valuation first order stochastically dominates the distribution of the other
bidder’s valuation ”in a strong sense”. For instance, for a not too large distribution shift we find
that the SPA is superior to the FPA, unlike in Maskin and Riley (2000a).

"Clearly, these conditions are not necessary for the FPA to dominate the SPA. Lebrun (1996) and Cheng (2006)

prove that the FPA is superior for some power distributions which violate the assumptions in Kierkegaard (2011b).
8Other specific cases in which SPA dominates FPA are found by Cheng (2010), in environments such that the

equilibrium bidding functions for the FPA are linear, and by Gavious and Minchuk (2010), in examples such that the

valuations’ distributions are close to the uniform distribution.



2 The model

A (female) seller owns an indivisible object which is worthless to her and faces two (male) bidders.
Let v1 (v2) denote the monetary valuation for the object of bidder 1 (bidder 2), which he privately
observes; v1 and vy are independently distributed. The set {vir,v1m} is the support for vy, with
0 <wvip <wvig and \y = Pr{v; =vi} € (0,1). Likewise, the support for ve is {ver,vor} with
0 < vor < wog and Ay = Pr{vy =wor} € (0,1). Without loss of generality we assume that
vir, < vor. Both the seller and bidders are risk neutral, and a bidder’s utility if he wins is given
by his valuation for the object minus the price paid to the seller; his utility if he loses is zero. We
use 7; to denote bidder ¢ when his valuation is v;;, thus for instance 27, is the type of bidder 2 with
valuation voy,.

The main purpose of this paper is to evaluate the relative profitability of the FPA and the SPA
for the seller. In either of these auctions each bidder submits simultaneously a nonnegative sealed
bid, and the bidder who makes the highest bid wins the object (if the bidders tie, the winner is
selected according to a specified tie-breaking rule: see next section). In the FPA the winning bidder
pays the own bid; in the SPA he pays the loser’s bid (i.e., the second highest bid).

3 Equilibrium bidding

3.1 SPA

It is well known that when bidders have private values, in the SPA it is weakly dominant for
each bidder to bid the own valuation. Thus the seller’s expected revenue R® is the expectation of

min{vy, ve}, which is straightforward to evaluate (recall that viy, < wvor):

Al + (1 — )\1)<)\2sz + (1 — )\Q)UQH) if vog <wvipg
R ={ Muip+ (1= A)avar + (1= No)vorg) if vor, < vig < vop - (1)
Avrp + (1= X))oy if vig <wvar

For future reference, we denote with A the region of valuations such that vy < vor < vog <
vig, with B the region such that vy < wop < wig < wep, and with C' the region such that
vir, < vig < vor < vep. Therefore, (1) says that RS = Moy + (1 = A1) (Aavar + (1 — A2)vey) in
region A; R® = Mjvir + (1 — A1) (Agvar + (1 — Xo)vir) in region B; RS = A\uir + (1 — A\)vig in C.
Notice that R® does not depend on vap in regions B and C, and does not depend on vy, in region

C.

3.2 FPA

The analysis for the FPA is less immediate than for the SPA. In fact, finding the closed form for
the equilibrium bidding strategies for an FPA with asymmetrically distributed valuations is often
impossible when valuations are continuously distributed. However, this is not the case given our

assumptions on the distributions of v; and vy (we consider equilibria in which no type of bidder



bids above the own valuation). We typically find a mixed-strategy Bayes-Nash Equilibrium, but

before describing it we consider a benchmark symmetric environment.

3.2.1 The benchmark symmetric setting

Suppose that v; and vy are symmetrically distributed such that vi; = vor, = vp, vig = Vo = vy
and A1 = Ay = A\. We know from Maskin and Riley (1985) that in this case the FPA has a unique
Bayes-Nash Equilibrium and it is such that types 17 and 27, both bid vy; types 1 and 2y play the
same atomless mixed strategy with support [vg, Ao, +(1—X)vg] and c.d.f. Gy (b) = ﬁ%. This
implies that the object is efficiently allocated (i.e., in each state of the world the highest valuation
bidder wins). Therefore, the expected revenue R in the FPA is equal to the expected social surplus
Mvp + (1 — A?)vy minus the bidders’ aggregate rents 2[\ -0+ (1 — A)(vyg — Avg, — (1 — Nvg)], that
is RF" = (2A — A?)vg, + (1 — A\)?vg (which is also equal to R¥).

3.2.2 The equilibrium for the asymmetric setting

For the setting with asymmetrically distributed vy, vo described by Section 2, we find that often
no pure-strategy Bayes-Nash equilibrium exists [the exception occurs when condition (3) below is
satisfied], and sometimes no mixed-strategy Bayes-Nash equilibrium (BNE in the following) exists
either. Precisely, when v1;, = v9;, we find that no BNE exists in the standard FPA in which each
bidder wins with probability % in case of tie (for more details see below in this subsection and
the proof to Proposition 1 in Section 6). However, Proposition 2 in Maskin and Riley (2000b)
establishes that a BNE exists under a suitable tie-breaking rule such that each bidder ¢ is required
to submit both an ”ordinary” bid b; > 0 and a ”tie-breaker” bid ¢; > 09 If iy =% bo, then c¢1,co
are irrelevant but if by = by then bidder ¢ wins if ¢; > ¢; and pays b; + ¢; (each bidder wins with
probability % if by = by and ¢; = ¢3). Therefore c;, ¢y are bids in a second price/Vickrey auction
which takes place if and only if b; = by. In Proposition 1 we consider the FPA with this ” Vickrey
tie-breaking rule”.

We want to stress that this particular tie-breaking rule is needed only when vi;, = wvoy, since
existence is obtained for any tie-breaking rule if viy, # vor. Precisely, when vi;, < vop we find
that multiple BNE exist regardless of the tie-breaking rule, but they are all outcome-equivalent. In
particular, multiple BNE arise because type 1;, (and type 1g in one case) never wins and needs to
bid weakly less than v (weakly less than vy ) with probability one, in such a way that no type of
bidder 2 has incentive to bid below v17, (below v1z). Since there are many strategies of 17, (of 1z7)
which achieve this goal,!” multiple BNE exist. However, this multiplicity is only related to bids
which are never winning bids and therefore, as we specified above, each BNE generates the same
outcome in the sense that the allocation of the object, the payoff of each type of bidder and the

expected revenue are the same; therefore multiplicity is not an issue.

%A very similar idea appears in Lebrun (2002), in the auction he denotes with FPA.
190One example is such that 1;, bids according to the uniform distribution on [av1r,v1r] with a < 1 and close to 1.



Conversely, when vy, = v, in each BNE both types 1, and 27, bid v, and (generically) also
1 or 2 bids v1, with positive probability; suppose 25 does so (to fix the ideas). Then 2 ties with
positive probability with 17 by bidding vz, and if 25 does not win the tie-break with probability
one, he has an incentive to bid slightly above vy, which breaks the BNE. On the other hand, under
the Vickrey tie-breaking rule, for a bidder ¢ with valuation v; submitting an ordinary bid b;, it is
weakly dominant to choose ¢; = v; — b;, and in particular c1, = 0, cog = vog — v1z, > 0 for the case
we are considering; thus 27 wins the tie-break paying vz, in aggregate.!’ Given this property on
weak dominance for tie-breaking bids, when we describe a strategy of bidder ¢ we implicitly assume
that to each ordinary bid b; is associated a tie-breaking bid ¢; equal to v; — b;. Therefore, whenever

a tie occurs the bidder with the highest valuation wins and pays the valuation of the other bidder.

In the BNE described by Proposition 1(ii) below an important role is played by two specific
bids b and b such that b is the smaller solution to the following quadratic equation (in the unknown

b):
)\262+((1_>\2)U1H+()\1 — )\2) U2L_)\1U1L_U2H)b+((1_)\1)U2H_(1_)\2)U1H)U2L+)\1U1LU2H =0 (2)

and b = A\ob + (1 — Xo)vig. Precisely, b is the highest bid in the support of the mixed strategy
of type 21, and b is the highest bid in the support of the mixed strategies of types 1z and 2.
The values of b and b are determined in such a way that the bidders’ mixed strategies have no
mass point at bids larger than vz, a necessary condition for equilibrium. The assumption (4) in

Proposition 1(ii) implies that b satisfies v < b< min{var, vip}.12

Proposition 1 Given viy, < wvop, consider the FPA with the Vickrey tie-breaking rule. Although
multiple BNE may exist, they are all outcome-equivalent to the following BNE.
Type 11, always bids vir, and the bids of the other types depend on the parameters as follows:
(i) If
vig < Mviz + (1= A)ver (3)

then types 21,2 bid vigr; type 1p bids weakly less than vi with probability one and in such a way

that no type of bidder 2 has incentive to bid below vig.'3

(ii) If
(1 = A)ver + (A1 — A2)vir
1— )Xo

Avir + (1= A)vep < vig <

(4)

then types 157,21, 25 play mized strategies with support [vir,b] for 15, [vir,b] for 21, [b,b] for 2,
in which b is the smaller solution to (2) and b = Agb+ (1 — Xo)vig. The c.d.f.s for the mized

"n fact, whenever 1z bids v1r, and ties with positive probability with type 2; such that ve; > v1r, in each BNE
11, selects c1r, = 0, otherwise it is profitable for 2; to bid slightly above v1r.

2See the proof of Proposition 1(ii).

BEor instance, 1 bids according to the uniform distribution on [awvim, v1m] with a < 1 and close to 1.



strategies of 15,21, 2n are, respectively:'*

A (b—v1p) o
Giu(b) = Wvg—b) forbe [leL,_b] 5
= (B =) forbe (b,b]
_ V1H — l_) B 1 Vi — Z_)
GZL(b) - /\Q(UlH — b)a GQH(b) 1= SV S— )\2)‘ (6)

(iii) If
(1 — A)ver + (A1 — A2)vir
1— X

then 2, bids vir, and 1, 2n play mized strategies with a common support [vir, Aivir + (1 — A1 )vam]

<vm (7)

and the following c.d.f.s, for 15,2y respectively:

A b—wg 1 uig —Moip — (1= A\)ven
G (0) L= X vog — b Can(0) 1—/\2< vig — b 2) ®)

We discuss separately the three results in Proposition 1.

Case (i) When (3) holds, Proposition 1(i) establishes that each type of bidder 2 bids v1g and
wins for sure.!> This occurs because vy, is sufficiently larger than vqz, which implies that each
type of bidder 2 has so much to gain from winning that it is profitable for him to make a bid of v1
in order to outbid each type of bidder 1. Precisely, (3) guarantees that type 27, (and thus type 2
as well) prefers winning for sure by bidding vz rather than bidding v17 and winning only when

facing type 17, that is with probability A;.

Case (ii) In the opposite case in which vy is large, (3) is violated and 2y, is not very aggressive
since he prefers to bid v17, and win only against 1; rather than bidding vy and winning against
both 17 and 1y (i.e., with certainty), as the latter alternative is too expensive. Indeed, 27 bids
in the interval [UlL,Z)], with b < vi1gr, and with an atom at the bid b = vy, since Gar(v1r) =
F&ji‘ﬁ% > 0. This less aggressive bidding of 21, allows 1g to win with positive probability by

bidding in (v1r,b], which makes his equilibrium payoff positive. This implies that the highest bid

~

of 1z is smaller than vz, since each bid in the support of a bidder’s mixed strategy needs to
maximize the expected payoff of the bidder given the strategies of the other types. Therefore also
the highest bid of 2j is smaller than vy, as we see from Proposition 1(ii). As vyy increases, 2,
becomes increasingly less aggressive: b decreases and Gar,(b) increases for any b € [v1z,b). This

occurs because as v increases, the equilibrium payoff of 1z increases and in order to satisfy the

M1n the case that b = v11, (which occurs if and only if viz = var), 21 bids v1z and b= \aviL + (1 = X2)vim, thus
GlH(b) = L (vZH_b — )\1) and GZH(b) = L (UlH_b — /\2) fOl” each b S [’UlL,l_)],

1—-X1 \vog—b 1-XAg\vipg—>b

""In a setting with continuously distributed valuations, Maskin and Riley (2000a) identify an analogous BNE and

provide the intuition we describe here and immediately after Proposition 2. In addition, Maskin and Riley (1983)
identify the BNE we describe in Proposition 1 for the case of vi, = w2y, = 0. Thus our Proposition 1 is a new result

for the case in which v1z, < var, and (3) is violated.



condition of constant payoff of 1z for bids in (viz,b] it is necessary that Go7, puts more weight on
7116

v1r, and becomes flatter in (v, b].
Case (iii) When vy is large enough such that (7) is satisfied, type 2y bids vip with certainty
and 2 bids vy, with positive probability. In particular, the larger is v1g, the less aggressive 2g
becomes, giving higher probability to bids close to v17,. We remark that (7) holds for a large A1, and
thus for a large A\ type 21, bids vy, with probability one, type 2y bids v1;, with positive probability.
This occurs because a large A1 gives an incentive to bidder 2 to bid b = vz, as this (low) bid allows
him to win against type 17, which arises with probability A;. Finally, notice that when (7) holds,

the equilibrium strategies — and thus the expected revenue — do not depend on vsy,.

A well known feature of the FPA when valuations are asymmetrically distributed is that an
inefficient allocation of the object occurs with positive probability. In our setting, suppose for
instance that vy, < ver # vig and (4) holds. Then b > v1r, and in the state of the world with
types 1,27 each type wins with positive probability; thus the highest valuation bidder may not

WII.

4 Comparison between the FPA and the SPA

In order to derive the seller’s preferences between the FPA and the SPA we need to evaluate the
expected revenue R in the FPA generated by the BNE described in Proposition 1. Although we
can express R! in closed form (see Subsection 6.3 in the appendix), the inefficiency of the FPA we
mentioned above makes R a complicated function of the parameters, except when (3) is satisfied
(in fact, in such a case the object is allocated efficiently). Under inequality (3), the comparison
between RF and RS is straightforward, but when (3) is violated it is more difficult to obtain insights
on the sign of RF — RY. Therefore we first examine the relatively simple case such that A\; = g,

and then we move to a more general setting without the assumption A\; = As.

4.1 The case in which (3) is satisfied

When (3) holds we obtain a simple result, as described by next proposition.
Proposition 2 If (3) is satisfied, then R > RS.

Proposition 2 is very simple to prove and to interpret. Precisely, (i) Rf = viy when (3) is
satisfied as both types of bidder 2 win the auction with a bid of vyz; (ii) inequality (3) implies
v1g < var, and thus from (1) we obtain RS = \jvip, + (1 — Ay )vig; (iii) since viz, < v1g, it follows
that R > RS. The intuition is that in both auctions bidder 2 always wins, thus R? is equal to
the expected valuation of the loser, bidder 1, but RY is the high valuation of bidder 1. Notice that

any profile of valuations which satisfies (3) belongs to region C.

'5We describe a similar effect (with more details) in the intuition regarding Lemma 1 below.



4.2 The case in which \; = )\,

Under the assumption A; = Ay we find the following interesting result.

Lemma 1 Suppose that vir, = vor, = vp, vig 7 vog = vy and Ay = Ao = A. Then RY is increasing
in vig for vig € (vr,vy] and is decreasing in vig for vig € [vy, +00).

This lemma says that in a setting which is asymmetric only because vy # vy, RY is maximized

17 and in particular increasing v1 above vy reduces RE 18 In

with respect to vig at vig = vy,
fact, it is somewhat surprising that, starting from a symmetric setting, an increase in the valuation
of type 17 generates a decrease in R Tt seems reasonable to expect that an increase in v1 g above
vy = vop makes type 1y more aggressive than type 2, in the sense that 1z bids (stochastically)
higher than 2, and this occurs indeed in equilibrium. Crucially, however, it is not that 1y bids
more aggressively with respect to the symmetric setting, but rather type 25 bids less aggressively.
More in detail, notice that given A\; = Ao, (7) is satisfied when v1g > vy and therefore Proposition
1(iii) applies. This reveals that the behavior of types 11, 1x,2z is unchanged with respect to the
benchmark symmetric setting of Subsection 3.2.1: 15 and 2 both bid vy, and 1x plays a mixed
strategy with support v, Avr, + (1 — N)vg] and c.d.f. Gy (b) = ﬁ%. On the other hand, now
2y bids less aggressively than under the symmetric setting. Precisely, G and Gax have the same
support [vr,, Avr, + (1 — X)vg], but since Gag(b) = (17)‘)211’1_}{\;(2)’33‘)31)7”) it is simple to verify that
Gap(b) > Gy (b) for any b € [vr, A + (1 — N)vg), and in particular Geg(vy) > 0 = Gg(vr).

Since 27 is less aggressive with respect to the symmetric setting, it follows that an increase in v

has a negative effect on R¥. In fact, the larger is vy the higher (lower) is the probability that
Gap attaches to low (high) bids in [vz, Avg, + (1 — A)vg]. As a consequence, R is monotonically
decreasing with respect to v1g for vig > vpy.

Naturally, this raises the question of why 2 is less aggressive than in the symmetric setting.
Suppose for a moment that 2 still bids according to G even though v1 > vg. Then the payoff
of type 1y from bidding b € [vr, vy, + (1 — Nvg] is (vig — b)[A+ (1 — A)Gg(b)]. This is obviously
higher than (vg —b)[A+(1—A)G g (b)], his payoff before the increase in vy g7, and — more importantly
— is increasing in b because the higher is b, the more likely is that 1z wins and thus benefits from
his higher valuation. In order to make 1 indifferent among the bids in an interval (vr, b*], with

b* > v, it is necessary that Gop is flatter than Gg, and indeed Gap(b) = (17)‘)2?_}{\;&’1{1){+_ngva)

has an atom at b = vy, and grows more slowly than Gy for b > vy,. This is how an increase in vy
generates a less aggressive behavior of 277. However, notice that the support for the mixed strategy
of 2 is still [vr, Avr, + (1 — A)vg], which requires that type 1 still bids like in the symmetric

setting in order to make 2 indifferent among all the bids in [vr, Avy, + (1 — A)vy].t?

'"This fact may appear similar to the main message in Cantillon (2008), but in fact in our analysis the benchmark

symmetric setting is fixed, whereas in Cantillon (2008) it is not.
18 Obviously, an analogous result holds if vy is kept fixed and vep is allowed to vary.
YLebrun (1998) considers a setting with continuously distributed valuations and assumes that the valuation dis-

tribution of one bidder changes into a new distribution which dominates the previous one in the sense of reverse
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Lemma 1 suggests a simple result. Suppose that we start from the benchmark symmetric
setting and let RF™* denote the resulting expected revenue. Then suppose that the valuation of
1y is increased; this reduces the revenue below R by Lemma 1. Finally, increase slightly the
valuations of 17,27,2g. Since RY is a continuous function of the parameters, we infer that R
remains smaller than R*, although the valuation of each type has increased with respect to the

symmetric setting.

Proposition 3 Consider the symmetric setting described in Subsection 3.2.1. Then, by suitably
increasing the valuation of each type (but not each valuation by the same amount) we obtain a

setting in which the revenue from the FPA is reduced.

An instance in which the result in this proposition is obtained is such that v1;, = voy, = 100,
v1g = vog = 200 and A\ = Ay = %; then RI™* = 125. However, if v1;, = vor, = 105, v15 = 400 and
vl = 205, then RF ~ 123.12.

Next proposition describes a set of circumstances which imply R® > RF given \{ = Xo. In
doing so, it relies on Lemma 1 and on the fact that the BNE described by Proposition 1(iii) is
independent of vy, for ver, € [v1r,vam). The rest of this subsection is devoted to discussions and

intuitions for these results.

Proposition 4 Suppose that A1 = Ao = A.
(i) R® > R if at least one of the following conditions is satisfied:

vip, =v2r,  and UiH # V2H; 9)
v < vor < vog < ViH; (10)
vip <wop <wvig < vopg  with wop close to vir; (11)
. A—1 1
v < vor < v  with wof, §U1H+3 )\(UlH_UlL) and > 5 (12)

i) For values such that viy, < vig < var, < vam, the difference RF — RS is increasing in var .
(i) ; g

In terms of the regions A, B, C introduced in Subsection 3.1, Proposition 4(i) [condition (10)]
reveals that RS > RY in region A. The inequality R® > R¥ holds also in region B for vy, close
to viz, and in the whole region B if A > 1: see conditions (11) and (12).2° Figure 1 in Subsection
4.2.3 provides a graphical representation of these results for the case of A > %

Finally, Proposition 4(ii) establishes that in region C, RF — RS is increasing with respect to
vor, that is an increase in vy, favors the FPA with respect to the SPA. This is consistent with

Proposition 2, since an increase in oy, brings us closer to satisfying (3), which implies R > RS,

hazard rate domination (the support is unchanged). He show that, as a consequence, for each bidder the new bid

distribution first order stochastically dominates the initial bid distribution, and thus the expected revenue increases.
20Tn particular, the SPA is better than the FPA for any small deviation from the symmetric setting, that is when

var, — v1ir and veg — vim are close to zero, but var, — vir > 0 and/or vag — vig # 0.
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4.2.1 Condition (9): viy = vy, and vig # vop

We start by considering (9), and suppose that vig > vag. Then from Lemma 1 we deduce that
RS > RF since an increase in vy above voy reduces RY but does not affect the distribution of
min{vy, vy}, and thus R¥ does not change.

For the case of v1y7 < wops, consider the symmetric setting with low valuations both equal to
v1r, = vor, and high valuations both equal to vip; then RF = RS. Now increase the valuation of
type 25 above vy to obtain the asymmetric setting we are considering. Although R® does not
change, the logic of Lemma 1 (see footnote 18) reveals that R decreases. Hence R < R5.

We have thus established that (9) implies R® > R as a corollary of Lemma 1, but we notice
that Maskin and Riley (1985) (in their Section III) consider the setting of Proposition 4, except
that they assume viy, = vor, = 0, and claim that an increase in vof above vy favors the FPA
over the SPA, in contrast with Proposition 4. However, they do not provide a formal proof of their
claim. On the other hand, Maskin and Riley (1983) conclude that R® > R consistently with
Proposition 4(i): see their Figure 1 between pages 18 and 19.2!

4.2.2 Condition (10): vy, < vor < vog < Vig

Condition (10) has effects which are almost straightforward. In case that vag = vig, (7) is satisfied
and Proposition 1(iii) applies. Hence RY is equal to the revenue in the symmetric setting with
both low valuations equal to v1z, since (as we mentioned in Subsection 3.2.2) RY does not depend
on vor, € (vir,v2r). However, (1) reveals that R® is increasing in ver, and therefore R® > RF.

In case that vay < wvip, suppose first that vy, = vyr. We know from condition (9) that
vopr < vig implies RS > R¥ and the previous paragraph explains that an increase in vor, has no
effect on RF, but increases R°. Hence R® > RF still holds.

v more uncertain than vy The inequalities in (10) characterize the setting in which v; has a
wider range of variability than wvo; this includes the special case in which v; is a mean-preserving-
spread of vy. In this setting the ranking between R® and RY is unambiguous: the SPA is better
than the FPA when a bidder’s valuation is more uncertain then the other bidder’s valuation.
Kirkegaard (2011a) notices that only Vickrey (1961) provides a theoretical ranking result with-
out assuming first order stochastic dominance between the bidders’ distributions of valuations.??
Precisely, Vickrey (1961) assumes that v; is uniformly distributed over [0,1] and vy is common
knowledge, equal to a fixed value a; he proves that the FPA is superior to the SPA for a > 0.43.

Now consider in our framework the parameters A = % and v1r, =0, vig =1, v9r, = a—¢, vy = a+¢

*LSince they assume wviz, = v2r, = 0, Maskin and Riley (1983) do not consider the various cases covered in

Proposition 4, and they do not have the results in Lemma 1 and Proposition 5.
?2Gayle and Richard (2008), Li and Riley (1999) and Li and Riley (2007) apply numeric analysis to settings without

first order stochastic dominance and obtain mixed results.
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with ¢ > 0 and close to zero.?® This setting is in a sense similar to that in Vickrey (1961) since vy is
uniformly distributed over {0,1}, and vy is almost commonly known to be equal to a.2* However,
Proposition 4(i) [condition (10)] establishes that R° > RY for any a € (0,1). This difference with
respect to Vickrey (1961) arises because in our setting R is considerably lower than in Vickrey
(1961), due to the fact that type 21, bids v1y, = 0 with certainty (and type 2 bids 0 with positive
probability), as bidding 0 suffices to win the auction if his opponent is type 11, an event with

1.5 Conversely,

probability % It is this incentive of bidder 2 to play "low-ball” that makes RY" smal
no such effect appears when v; is uniformly distributed over [0, 1] because if bidder 2 bids close to

zero then he wins only against a small set of types of bidder 1. For instance, if a = % then Vickrey

1 7

(1961) proves that bidder 2’s equilibrium mixed strategy has support [, 15], that is 2’s minimum

c1s 01
bid is 1

4.2.3 Conditions (11) and (12)

Given the innocuous assumption that vy, < ver, after (9) and (10) have been considered, the only
class of asymmetry remaining given Ay = Ao is such that vi;, < vor and v1 < vepr, which implies
that the distribution of vy first order stochastically dominates the distribution of v1. In this setting,
(11) establishes that RS > R when var, — v17, is close to zero, a consequence of (9). But in fact, if
A > % then RS > R¥ holds even though vor, — v1, is not small, as long as vor, < v1g, that is in the
whole region B. In words, in order for R > RS to hold it is not sufficient that the distribution of vy
first order stochastically dominates the distribution of vy, but it is necessary that voy, is sufficiently
larger than vip; when A > %, RF > RS actually requires vay, > v1, which means that the profile
of valuations is in region C'. In this region an increase in wvoy, favors the FPA with respect to the
SPA, which is consistent with Proposition 2 as we noticed above.

It is interesting to inquire why a higher value of A enlarges the set of valuations for which we can
prove that R® > R and, in short, the reason is that a larger A\ makes the bidders less aggressive in
the FPA (but obviously does not affect their behavior in the SPA). In order to explain how (12) is
obtained, recall that in our final remark in Subsection 3.2.2 we noticed that in the BNE described
by Proposition 1(ii) the highest valuation bidder does not always win. Conversely, the efficient
allocation is always achieved in the SPA. Therefore a sufficient condition for R® > R¥ is that the
aggregate bidders’ rents in the FPA, UF', are (weakly) larger than the rents in the SPA, U°.26 It
turns out that U¥ > U reduces to v, + ver, > 2b when the valuations are in region B, and to
vig + 2v1g — vor, > 2b when the valuations are in region C. This suggests that the SPA is more
likely to be superior to the FPA the smaller is l;, which is quite intuitive as b can be viewed as an

index of how bidders are aggressive in the FPA, given that the highest bids submitted by types

23Proposition 1 still holds even though viz, = 0 violates our assumption vi;, > 0. However, when vi;, = 0 the
Vickrey tie-breaking rule is needed also if v1r, # var.

2If we set € = 0, then var = vom, which violates the assumption var < v2p, but nevertheless AGar ®+ @1 -
A)G2p (b) is the c.d.f. of the equilibrium mixed strategy of bidder 2 when var, = vog.

?3This effect appears also in Example 3 in Maskin and Riley (2000a).

%Fach of conditions (11) and (12) guarantees indeed that U¥ > U%.
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11,21, 25 are b,b, b, respectively, with b = b+ (1 = XN)vig. In order to inquire how b depends on
A, we need to recall that the support for the mixed strategy of type 2y, is [v1, Z)], and \(ver — v1r)
is the rent of 27, the expected payoff he obtains by bidding b = vir. Also the bid b = b needs to
yield 27, the same payoff A(ver, — v1r,), and this suggests that b is decreasing in A [indeed we can
use (2) to prove this result formally].

In Figure 1 we fix A > % and vy, v1p, and partition the space (ver,v2p) in two regions S and
F such that R® > RF if (vor,vepr) € S, and RF > RS if (vor,var) € F — obviously, the feasible
values of (ver,ver) are above the line vo = vor. In particular, S(iii) 1s region A, the set in which
(10) is satisfied [in this case (7) holds and the BNE of Proposition 1(iii) applies|; F(; is the set in
which (3) holds [then the BNE of Proposition 1(i) applies]. The remaining set includes the whole
region B and a subset of C, and is such that (4) is satisfied — thus the BNE of Proposition 1(ii)

applies. The boundary between S and F' is obtained numerically.

insert Figure 1 here

Caption Figure 1: Comparison between the FPA and the SPA when A\ = Ay > % In the dark
grey region S = S(;;) U S the SPA dominates the FPA in terms of the seller’s revenue. In the
light grey region F' = F;) U F{;;) the FPA is superior. Proposition 1(i) applies in the north-east set
Fl;y, 1(ii) in the set F{;;) U S(;;) in the middle and north-west, and 1(iii) in the south-west set S(;).

Distribution shift and rescaling A particular type of asymmetry considered in the literature is
as follows. Given the c.d.f. F; for the valuation of bidder 1, the c.d.f. for vq is Fy(ve) = Fi(ve — «)
with @ > 0, that is F» is obtained by shifting F; to the right, which implies that bidder 2 is
ex ante stronger than 1. In a setting with continuously distributed values, Maskin and Riley
(2000a) prove that under suitable assumptions on F} (which include convexity and log-concavity)
the FPA generates a higher revenue than the SPA; Kirkegaard (2011b) obtains the same result
under weaker assumptions. In our context this sort of asymmetry is obtained by fixing vir,v1g
and setting veor, = vip, + @, vag = v1g + «, for some a > 0. From (11) and (12) we can obtain

sufficient conditions for R > R, but in fact in the appendix we exploit this particular structure

of asymmetry to prove a stronger result: R® > RI as long as & < 2 (for A < %) or

Vig—V11, — 2—3)\
o 2(24+7) 2
Py < 32N (for A > 5).

These results have an immediate interpretation: In our discrete setting a small shift, that is a

small o« > 0, favors the SPA over the FPA, whereas the result is reversed for a large shift.2” On the
other hand, in their numeric analysis applied to continuous distributions, Li and Riley (2007) find
that a shift ”can result in economically very significant revenue differences [in favor of the FPA]”
for examples with uniform or truncated normal distributions, and claim that ” Analysis of other
distributions also produces broadly similar results”. Our results show that this claim does not hold

in a setting with binary supports.

2For instance, RY > R® definitely holds if & > 0 is such that (3) is satisfied, that is if & > 1

vig—vir — 1—-X°
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In fact, it is possible to see the result that RS > RF for a small shift as a consequence of
Lemma 1. Precisely, (i) for @ = 0 there is no shift and we are in the benchmark symmetric setting
of Subsection 3.2.1; (ii) from (2) we find that %‘a_ =0, thus g—g’é o 0; (iii) for any o > 0, (4)
holds and thus (6) in Proposition 1(ii) reveals that a small o > 0 generates a zero first order change
in the bidding of types 2y, and 2p; (iv) the logic of Lemma 1 [see footnote 18, or equivalently see
(5)] reveals that 15 bids less aggressively for a small & > 0 than for o = 0. Therefore a small shift
reduces RY but increases R, which implies Rf < RS.

Example 4 in Kirkegaard (2011a) starts from Fy such that Fh(e”) is convex and log-concave
and obtains F; as Fj(v) = Fy(yv) for some v > 1 and not too large; thus v; is a rescaling of vy,
and Kirkegaard (2011a) proves that Rf > R®. In our context this sort of asymmetry is obtained
by fixing vor,ve and setting viy = %'UQL, Mg = %ng. The comparison between the SPA and
the FPA yields results which are different from those in Kirkegaard (2011a), but are similar to the
results obtained for a shift. Precisely, (11) reveals that RS > RF if  is not much larger than 1
(i.e., for a small rescaling), whereas a large v makes (3) satisfied and thus RF > RS.

4.2.4 The distribution of bids in the FPA and the bidders’ preferences

For i = 1,2, let GG; denote the ex ante c.d.f. of the equilibrium bids submitted by bidder 4 in the
FPA, that is G;(b) = AG;(b) + (1 —N)G;r(b). Using Proposition 1 we can compare the equilibrium
bid distributions of bidder 1 and 2 in the FPA, and we find that G first order stochastically
dominates G1 when voy > vi1p; the opposite result obtains if v1g > vey. Notice that when
vopr > wv1ip, the distribution of vy first order stochastically dominates the distribution of v; and
the result that Go first order stochastically dominates G agrees with Corollary 1 in Kirkegaard
(2009), for a setting with continuous distributions. On the other hand, when voy < vig there
is no first order stochastic dominance between the distribution of v; and vs, but second order
stochastic dominance applies if v1g < voi + 1T)‘/\(’U2 I — v1L), that is if the expected value of vy is
weakly larger than the expected value of v;. Under second order stochastic dominance between the
valuations distributions, Proposition 5 in Kirkegaard (2009) shows that the bid distributions must
cross, whereas we find that (G first order stochastically dominates Go.

Proposition 1 also allows us to compare the bidders’ payoffs in the FPA with their payoffs in
the SPA: it turns out that bidder 1 weakly prefers the FPA, whereas bidder 2 weakly prefers the
SPA. These results largely agree with the results in Propositions 3.3(ii) and 3.6 in Maskin and Riley
(2000a).

4.2.5 Relationship with Kirkegaard (2011b)

Proposition 4(i) reveals that R® > RF for a broad set of deviations from the benchmark symmetric
setting, provided that A\; = A2. On the other hand, a frequent result in the literature on asymmetric
auctions is that R > R°. Since the most general theoretical results are obtained in Kirkegaard

(2011b), we explain why his analysis does not apply to our setting.
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Kirkegaard (2011b) considers a two-bidder environment with supports [, a1] for v1 and [S4, as]
for vy such that 8; < 89 and a1 < ag. The c.d.f.s F1, F> have no atoms and have continuous and
positive densities f1, fo in the respective supports; moreover, 1 is ex ante weaker than 2 in the sense
that Fy first order stochastically dominates Fj. A crucial ingredient for the result is r(v), which
is defined as F, '[Fy(v)] for each v € [y, a1], that is r(v) satisfies Pr{vy < r(v)} = Pr{v; < v}
and r(v) > v as I} first order stochastically dominates F;. The main result in Kirkegaard (2011b),
Theorem 1, establishes that RF > RS if28

B L AW
FQ(U) - Fl(v)
filv) > fa(z) for any x € [v,r(v)] and any v € [Bq, 1] (14)

for any v € [B1,a1] N [By, aal; (13)

\Y

This theorem results from a clever application of the mechanism design techniques introduced
by Myerson (1981), and precisely relies on the following argument. The expected revenue in either
auction is given by the expected virtual valuation of the winning bidder minus the rents of the
lowest types B; and [y of the two bidders. In the SPA bidder 1 wins if and only if v; > wvs.
However, (13) and (14) imply that the virtual valuation of 1 is larger than the virtual valuation of
2 when valuations are equal, which suggests that it is profitable to have 1 winning the auction if
v = ve, or if vy is slightly larger than vy. In fact, (13) implies that in the FPA bidder 1 bids higher
than 2 for equal valuations. Thus 1 wins when vy < v1, and also when vy < k'(v1) for a certain
function k% such that v < k¥ (v) < r(v) (the latter inequality means that the ex ante equilibrium
bid distribution of 2 first order stochastically dominates the ex ante bid distribution of 1). This
suggests that the FPA is more profitable than the SPA, but in fact in some states of the world
bidder 1 may win even though his virtual valuation is smaller than the virtual valuation of 2. As
a consequence, it is not obvious that the FPA dominates the SPA, but Kirkegaard (2011b) shows
that if 5, = (5, then (14) implies that the expected virtual valuation of the winner, conditional on
v1, is larger in the FPA than in the SPA for each v;. If instead 8, < 5, then the above result may
not hold, but the FPA extracts from type 5 of bidder 2 a higher rent than the SPA, which allows
to prove that R > RS,

The assumptions in Kirkegaard (2011b) obviously rule out our discrete setting, but given the
c.d.fs

0 if v1 < V1L 0 if Vo < V9J,
Fi(vy)=¢ X if vip <vp <wvpg F(v2) = X if wap <wg <wvop
1 if vig <wv 1 if vy <wvg

8 Condition (13) is a standard condition of dominance in terms of reverse hazard rates. On the other hand, (14)
is innovative and Kirkegaard (2011a) proves that it implies that r(v) — v is increasing, which means that F» is more
disperse than Fy according to a specific order of dispersion between c.d.f. Moreover, Kirkegaard (2011a) gives an
economic interpretation to (14) linked to the relative steepness of the demand function of bidder 1 with respect to
the demand function of bidder 2.
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for v1,ve in our model, we can approximate Fi, b using atomless c.d.f.?? Precisely, consider two

—+00

sequences of atomless c.d.f. {F", F3'}.7°9,

with continuous and positive densities f{*, f3' for each n,
which converges weakly to F}, F5. We prove in Section 10 that for any large n, (13) and/or (14)

are violated by FT*, F3'.

4.3 The general case

In this subsection we remove the assumption A\; = Ag. Our results for this case, described by
Proposition 5 below, are less clear cut than when A\; = As, but however they offer some insights on

which format is likely to perform better in different settings.

Proposition 5 (i) For any A1 and X, suppose that vigy = varr. Then RS > RY holds as long as
v, < var, and/or A1 # Aa.

(i) The case of Aa > A1.
(iia) RS > RY in region B if var, is close tovir; R® > R in the whole region B if Ao > max{%, A}
(iib) The difference RF — R is increasing with respect to vor, in region C.

(iii) The case of A\ > Az.
(itia) RS > RY in region A.
(11ib) Suppose that A1 > Aa(1 + In /\iz), and consider regions B and C. If vor, < vig or if vor,
is not too larger than vig, then there exists vy, (and viy > vig) such that RS > RF when
voE € (var, Vi), but RY > RS when vop > v3gr. If conversely var, is much larger than vig, then
RF > RS for any vopr > vor.

Proposition 5(i) is in a sense quite intuitive, since we know that RS > RF when vig = vop if
(i) vir < vor and A\ = A2 [from Proposition 4(i), condition (10)], or (ii) viz, = vor, and A1 # Ao
(from Maskin and Riley, 1983). Proposition 5(i) essentially verifies that R® > R still holds if both
inequalities v17, < war, and A; # Ag hold.

A simple way to see why R® > RY when vy = woy consists in arguing as in Subsection
4.2.3, and proving that the bidders’ rents are larger in the FPA than in the SPA. Precisely, when
v1g = vep condition (3) is violated and (7) reduces to A1 > Ao; therefore Proposition 1(iii) applies
if A > Ag, and Proposition 1(ii) applies if Ay < Ag. In the proof to Proposition 5(i) we show that
bidder 1 (bidder 2) strictly (weakly) prefers the FPA to the SPA since (i) 1y earns zero in the SPA
when facing 2p, earns vig — ver, against 27; (ii) 1y can beat 27, in the FPA by bidding vy, or b
(depending on whether A\; > Ay or A\; < A2), and both vy, and b are smaller than vgr,. Likewise,
the payoff of bidder 2 in the SPA is zero against 1, is v9 — v1r, against 1. The FPA is certainly

not worse for 2 as he can beat 17, by bidding vy,.°

2 Lebrun (2002) establishes that the equilibrium correspondence is upper hemicontinuous with respect to the
valuation distributions, for the weak topology. Given that all BNE are outcome-equivalent at each given information
structure, it follows that the equilibrium correspondence is in fact continuous. Therefore also R is continuous, as it

is the expectation of a continuous function of bids (the maximum).
30Here the bidders have the same preferences between the FPA and the SPA, whereas under the assumptions on

Maskin and Riley (2000a) that is never the case.
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Proposition 5(ii) considers the case of Ay > A1 and generalizes the results in Proposition 4(i)
linked to conditions (11) and (12). Precisely, when Ay > A and v11, = vor, we have that RY decreases
if vopr increases above vy, as when Ay = A1; this makes RY smaller than R® for vay > v1g and
var, close to v1r,. Regarding the inequality RS > RY in the whole region B if Ay > max{%, A1},
the intuition is that for a large As, vs is almost commonly known to be equal to vey, such that
vir, < vor, < v1g. In such a case, we know from subsection 4.2.2 that RS > RF (see footnote 24),
a result suggested also by Example 3 in Maskin and Riley (2000a). Hence, in regions B and C,
a figure qualitatively similar to figure 1 applies for the case of Ay > max{%, A},3 and RE > RS
requires wvey, larger than vig.

On the other hand, the result in Proposition 4(i) related to condition (10) does not extend to
the case of Ay > \; because then R® > R fails to hold for some profile of valuations in region
A. Precisely, consider (vir,v1,v2r, v2) in region A with voy, very close to vy, and suppose that
(7) is satisfied with equality [(7) does not depend on vez]. In this case the valuation of bidder 2 is
almost common knowledge, and then Proposition 4(i) [condition (10)] applies even though Ay # A,
since voy, close to voyy makes the precise value of Ay almost irrelevant; thus R® > RF. If now we
consider a reduction of vyy, from about vey to about vir, then RF is unaffected since (7) is still
satisfied and the equilibrium bidding in the FPA does not depend on wey. On the other hand,
the reduction in vey, reduces R® because the revenue in the SPA is equal to vey, with probability
(1 — A1)\ in region A. In particular, R® is reduced considerably when )y is large and \; is small,
consistently with Ag > A;. In such a case RS < RY if vy, is close to vy

Conversely, Proposition 5(iiia) extends the result of Proposition 4(i) [condition (10)] for region
A to the case of \; > Xg. The reason is that a reduction of Ay below A; does not affect RY', whereas
it increases R [see (8) and (1)].

Proposition 5(iiib) considers regions B and C' and shows that when A is large with respect to Ag,
RF > R%if and only if vy is sufficiently large. In Figure 2 we fix A1, Ag such that A\; > Aa(1+In %2),
we fix vy, v17, and we partition the space (ver,vapr) in two regions S and F' such that RS > RF
if (var,v2) € S, and RF > RS if (vor,vag) € F — obviously, the feasible values of (var, verr) are
above the line voyy = var. In particular, F;) and F{;) are the sets in which (3) and (4) are satisfied,
respectively. The remaining set S(;;) U Fi;;) is such that (7) is satisfied. The boundary between S

and F' is obtained numerically.

insert Figure 2 here

Caption Figure 2: Comparison between the FPA and the SPA when A\; > A2(1 + In )\%) In the
dark grey region S = S(;;;) the SPA dominates the FPA in terms of the seller’s revenue. In the light
grey region F' = F(; U F;;) U F ;) the FPA is superior. Proposition 1(i) applies in the north-east set

3n fact, when Ay > max{%,kl} we prove in Section 11 that R® > RY if viz, < var, < vom and var < vig +

— 2_ - . .
A)\12((31/\*2)\1>)\?37/\)\11)\72)\21)) (UlH — UlL), Wlth 3)\2 — )\% — Al)\z -1 > 0 since Az 2 max{%,kl} When >\1 = )\2 = )\, the

. . A1(BAz—AZ—A1Ao—1 . _ .
inequality vor < vig + ﬁﬁ(ﬂl]{ —wv11) boils down to var, < vig + giﬁ (vim —vir) as in (12).
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Fl;), 1(ii) in the set Fi;;) in the middle and north-west, and 1(iii) in the south-west set F;;;) U S(is)-

Remarkably, this result is the opposite of the result obtained when Ag is large with respect to
A1, as in such a case R® > RY in the whole region B. In order to understand the source of this
difference, suppose vag = vig; then we know that R® > R from Proposition 5(i). For a large
A1, inequality (7) is satisfied and thus Proposition 1(iii) applies for the FPA, as we explained in
Subsection 3.2.2. In this setting, increasing ver makes both types 1y and 2y more aggressive,
which increases RF. However, an increase in voy has no effect on RS and RY > R holds if vy is
sufficiently large such that (7) is violated.??> Conversely, if Ay is large we find that an increase in
vopr above vy may increase or decrease R, depending on the other parameter values, but however

R > R¥ since vy is almost common knowledge for a large Ao, as mentioned above.

5 A setting with three types for each bidder

In this section we consider a setting in which the support for each bidder’s valuation is a three-
point set. Precisely, the set {vip,viar, vig} is the support for v1 and the set {ver,vans, vor} is
the support for vy, with v;;, < vy < vig and Ap = Pr{v; = v;r} > 0, Ay = Pr{v; = v} > 0,
Mg = Pr{v; = vig} > 0 for i = 1,2. We still use R (R®) to denote the expected revenue under
the FPA (under the SPA). As usual, R® is the expectation of min{vy,vs}.

In this environment we do not characterize a BNE for the FPA for all parameters values, but
nevertheless we can prove that some of the results described in Subsection 4.2 for binary supports

apply also when the supports for the bidders’ valuations are three-point sets.

Proposition 6 In the setting described in this section, consider the FPA with the Vickrey tie-
breaking rule.

(i) If min{\gvor, + (AL + Aar)ving, (Aar + Am)ver + Apvin} > vim, then there exists a BNE in
the FPA in which each type of bidder 1 bids the own valuation and each type of bidder 2 bids vi1g.
In this case RY = vy is larger than RS = \pvip, + Apvin + Agvin.

(ii) Suppose that vif, = var, vipr = vanr, and for a given value of vagr larger than vy, let I be
a small interval centered in vap, that is I = (vag —e,vap +¢€) for a smalle > 0. Then RE s larger
if vig = vag than if vig € I and vig # vop. Furthermore, R® > RY if vig € I and vig # vam.

(iii) Suppose that ver, = vir + ya, vorr = Viy, Vog = vig — « for an arbitrary y > 0 and a
small o > 0. Then RS > RF.

(iv) Suppose that va; = v1; + a for j = L, M, H, for a small o > 0. Then R® > RF.

For the case in which vy, is sufficiently larger than vyp, Proposition 6(i) describes a BNE for
the FPA analogous to the BNE in Proposition 1(i). In this case R > RS, as established by

Proposition 2 for binary supports.

32Notice that RY > RS requires vop sufficiently larger than vig, and jointly with vir, < wvar and A; sufficiently
larger than g, this implies that the distribution of vy first order stochastically dominates the distribution of v;

strongly enough.
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Proposition 6(ii) is analogous to Lemma 1 and to Proposition 4 [condition (9)], since it estab-
lishes that starting from a symmetric setting, a small increase in the valuation of type 15 reduces
RF and thus makes RY smaller than R°. However, Proposition 6(ii) applies only for v1 close to
vopr. The reason is that the effect of an increase of v1y above vop is not immediate (whereas its
effect is immediate for binary supports) since both types 1, and 15 become more aggressive; 2,
becomes less aggressive; the mixed strategy of type 2 after the increase in v1y is not comparable
with his mixed strategy when v1g = vop in the sense of first order stochastic dominance. It is
not straightforward to evaluate the net effect of these modified bidding strategies, thus Proposition
6(ii) restricts to the case of a small difference vi g —vopr, proving in particular that a small increase
in v1 77 above vopy reduces RY'. Notice however that this implies a result analogous to Proposition 3:
if we start from a symmetric setting such that viy = vaor, vipr = vonr, Vig = vop, then a suitable
increase of all valuations reduces R .33

Proposition 6(iii) is analogous to Proposition 4 [condition (10)], as it shows that R® > R in a
case such that vy is slightly less variable than v (with vip = vapy).

Finally, Proposition 6(iv) proves that R® > R for a small distribution shift, whereas a large
shift makes the inequality in Proposition 6(i) satisfied, which implies RF > RS. Hence these results

mirror exactly the results described in Subsection 4.2.3 on distribution shifts for binary supports.

6 Proof of Proposition 1

6.1 Proof of Proposition 1 for the case of v, < vy,

For i = 1,2 and j = L, H, let G;; denote the c.d.f. for the mixed strategy of type j of bidder 7,
with b;; = inf{b: G;;(b) > 0} and bi; = sup{b: G;;(b) < 1}. Recall that in a mixed-strategy BNE
any bid made by type i; must generate the same expected payoff, that is the equilibrium payoff of
type ij, which we denote by ug;. We use ui;(b) and p;;(b) to denote the payoff of type ¢; and his
probability to win — respectively — as a function of his bid b, given the strategies of the two types
of the other bidder.

This proof is organized in several steps, and throughout the proof € denotes a number which is

positive and close to zero. We start by recording a feature of any BNE.

Lemma 2 If a profile of strategies has the property that there is a bid V' such that with a positive
probability type 1; and type 2y, tie bidding b’ and min{vy;,ver} > b, then the profile of strategies is
not a BNFE.

Proof. By bidding ¥, at least one of these types loses the auction with positive probability; for
instance type 1;. Since b’ < vy;, type 1; is better off bidding b’ 4+ ¢ rather than b’ as in this way his

33 An instance in which this result is obtained is such that vi = vor = 100, vip = vanr = 200, vig = veg = 300
and A\ = Ay = Ap = 3; then R" = 1400 = 155.5. However, if v1, = var, = 100.1, v1pr = vamr = 200.1, v1g = 310
and vog = 300.1, then RF ~ 155.475 < 155.5.
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probability of winning increases discretely, whereas his payment in case of victory increases only
slightly. H

6.1.1 Step 1: When v}, < vyr, any BNE is such that (i) by < bigs bop, < boprs (ii) either
by, = by, =viL = bz or by, <byps (iii) ufy =0, u§y, >0, vip < byps (iv) big = bon

(i) The monotonicity properties b1y, < by and bay, < by follow from Proposition 1 in Maskin and
Riley (2000b).

(ii) In order to prove that b;; < by;, suppose in view of a contradiction that by; < b;;. Since
2, bids in the interval [by;,b, ) with positive probability, it follows that u§; = 0. However, since
by < wip < wyr we find that par(b) > 0 and uar(b) > 0 if 27, bids b = by, + &: contradiction.

We now show that if b;; = by; = b, then b = vy, and as a consequence we obtain b, = vir.
Suppose b < wvyr,. We distinguish several cases depending on whether Gz, and/or Gy, puts an

atom on b; in each case we obtain a contradiction.

e Gir(b) = 0 [Gar(b) = 0 or Gar(b) > 0 does not matter]|. In this case u§; = 0 as par(b) is
about zero for b close to b (as Gz, is right continuous). However, since b < v11, < var, we find
that ng(b) > 0 and UQL([)) > 0if 27 bids b =b + ¢.

e G11(b) > 0 and Gar(b) > 0. This case is ruled out by Lemma 2.

e Gir(b) > 0 and Gar,(b) = 0. In this case uf; = 0 as pir(b) = 0. However, since b < vi1, we
find that p17,(b) > 0 and uy7,(b) > 0 if 17 bids b=b+ e < v1L.

(iii) We notice that u§; = 0 both if by; = by; = by = vir and if by < boy. Hence vip < byr,
since if by;, < vyr, then any bid in (byy,v11) yields a positive payoff to 17. Finally, par(b) > A1 for
any b > vy, + ¢, thus u§; > Ai(ver, —vir —€) > 0 for each small € > 0.

(iv) If big > b, then it is profitable for 1z to move some probability from (1_91 H—e,h | to
(barr, barr + €), since the probability of winning remains 1 but his payment in case of victory is

smaller. If byyy < bopr, a symmetric argument applies to 2.

6.1.2 Step 2: When v;1, < vsr, there exists a BNE such that by < by; if and only if
(3) is satisfied; any such BNE is outcome-equivalent to the BNE in Proposition

1(i)
We start by proving that b;; < by;. Suppose in view of a contradiction that b;; = by;. Then Step
1(i-ii) imply by, = b1, = byyy = big = by, = viz. It is impossible that Gar(vi) > 0, because in
such a case 1y and 2;, would tie with positive probability at b = vy, and then Lemma 2 would
apply. As a consequence, pig(viy) = 0 and u§; = 0. However, if 1y plays b = vy + ¢ then
p1r(b) > 0 and uy(b) > 0 since v17 < v1p: contradiction.
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From the inequality g < by; it follows that 27, wins with probability one;** thus ufy = 0.
Moreover, (i) by = bag by Step 1(iv) and thus big = by; = bar = byy = bop; (i) vig < byy
otherwise any bid in (byy,v1m) yields a positive payoff to 1x. Hence, u§; = var, — byy, and u§y =
vor — bop -

We need to examine the incentives of bidder 2 to bid below by;, and in particular we notice
that bidding b = by1, + € yields bidder 2 a probability of winning not smaller than A;. Thus the

inequalities
M (var, — by —€) <wap — by, and M (varr — bip —€) < vapr — by,

need to hold for any € > 0, and since vay > wvoy, it is simple to see that the first inequality is
more restrictive than the second one. Given biz < vy, and byr, > vip, the first inequality is most
likely to be satisfied when b7, = viz, and bo; = v1m, and then it reduces to (3). This inequality is
therefore a necessary condition for the existence of a BNE such that by < bor.-

Bids above v1y are obviously suboptimal for bidder 2 because usr(b) = vor, — b < vor — vy
if b > vig. On the other hand, for bids smaller than vy the strategies of 17 and 1y need to
be such that no b < vy is a profitable deviation for type 27.%> For instance, we verify that this
condition is satisfied if G1g is the uniform distribution over [awvig,vig], with @ < 1 and close
to 1; recall that 17, bids vz, with certainty. Then par(b) = 0, uar(b) = 0 for b < v, whereas
por(vip) = A1 (recall the Vickrey tie-breaking rule and wvar, > wvir), wer(vip) = Ai(ver — v1iL),
but we know from (3) that this payoff is smaller than vo;, — v1p, the payoff of 27 if he bids vyx.
For b € (vir,avip) we find that uor(b) = A\i(ver — b) is decreasing. Finally, for b € [avig, vim],
Uar,(b) = (var, — b)[A1 + (1 — A\p) =22 ] and is increasing for o > 1 — LA Wer—vim)

VU1H —QU1H U1H

that b = v1y is a best reply for 2f.

, which implies

6.1.3 Step 3: When vi1 < v91, there exists no BNE such that b,; < iy < bar,

If byr < BlH < BQL, then by; < BIH = BQL =bog = BQH = b* by Step 1(iV). This implies b* < v17,
and thus by; < b* implies uj; > 0, and in turn b* < viy. Since 2y bids b* with certainty, it is
profitable for 1z to bid b* 4 € rather than b* — £, as in this way his probability of victory increases

by at least 1 — A2 > 0 and his payment in case of victory increases only slightly.

6.1.4 Step 4: When v < vgr, there exists a BNE such that by; < boyr, < by if and
only if (4) is satisfied; any such BNE is outcome-equivalent to the BNE in
Proposition 1(ii)

The inequality by, < biy implies u{y > 0 because big < vig and prg(b) > 0 for b € (byy,bip).
Next lemma provides a list of features of any BNE such that by, < b1p.

34In particular, if by = by, and 1y and 2, tie with positive probability at b, , then 21 needs to win the tie-break
with probability 1, otherwise it is profitable for him to bid by, + € rather than by, (by; < var since usp > 0).
351f this property is satisfied, then no deviation is profitable for 2y since (ver — b)p2r(b) < var — vig implies

(var — b)p2r (b) < vam — vim, as par(b) = pau (b) for any b
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Lemma 3 In any BNE such that by, < by the following equalities hold: b1y, = by = byy, = V1L,
bar, = bygy; moreover, Gar,(byr,) > 0.

Proof. The proof is split in two claims.

Claim 1 by = by .
In view of a contradiction, assume that by < byy. If Gig(byy) > 0 and Gar(byy) > 0,3 then
Lemma 2 applies since u§; > 0 and u§; > 0 imply vig > byy and ver, > byy. If Gig(big) > 0
and 2 puts no atom at b, 7, then 2 bids with zero probability in (b1, +¢,b; ) and 1y can increase
his payoff by moving the atom from b, to any point in (b1, + €,by5]. If Gig(byy) = 0, then 2
bids with zero probability in (byz, + €, b;y] (in particular, 2 puts no atom in b; ) and then 1z can
increase his payoff by moving some probability from [by 7, b1 +¢€) to (biz + &, b1z, + 2¢).

Claim 2 blH = Q2L = V1L, G2L<'U1L) > 0 and EQL = QQH'
If byfr < byr, then 1g bids in [by 5, byy) With positive probability and thus u§; = 0: contradiction.
Thus by, < byy and since b1, < vir, vy < byy [by Step 1(iii)] and by, = by (by Claim 1), we
infer that by, = by = by = v1r. Moreover, given by = by, if Gar(byy) = 0 then u$; = 0; thus
Gar,(byr) > 0. The equality bas, = byyy is proved along the same lines followed in Claim 1 to prove
EIL = QlH- n

Lemma 4 In any BNE such that by, < bar, < big, the mized strategies of 1p1,21,21 are given by
(5)-(6), and they constitute a BNE if and only if (4) is satisfied.

Proof. In the following of this proof we use b and b, respectively, instead of by, and of boy = by p.
Given that v1; < B, types 1g,27,2 are all employing mixed strategies and we can argue like in
the proof of Claim 1 in Lemma 2 to show that Gy, Gar, Gopr are strictly increasing and continuous
in the intervals [v17, 8], [v1z,b], [b, b], respectively. This implies that the following conditions must
be satisfied.

Indifference condition of type 1x:

(vie = b)[A2Gar(b) + (1 — A2)Gon(b)] =vig —b  for any b€ (vig,b] (15)

Indifference condition of type 2p:

~

(UQL — b)[)\l + (1 — )\1)G1H(b)] = )\1<ng - UlL) for any b€ [vlL, b] (16)
Indifference condition of type 2y:

(vorr = b) M + (1 = M)Gig(b)] =vag —b  for any b€ [b,0] (17)

~

From (16) and (17) we obtain Gy in (5). For b € (viz,b], (15) reduces to (vig —b)A2Gar(b) =
vig — b and thus Gy, satisfies (6). For b € [b,b], (15) reduces to (vig — b)[A2 + (1 — A2)Gag (b)] =
vig — b and then Gop satisfies (6).

30Tf we consider type 25 instead of 2z, the same the argument applies.
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Since Goy, (l;) =1, we deduce that b = Aob + (1 — X2)vim, and since G1g needs to be continuous
at b = b we infer that b solves (2); here we use Z(b) to denote the left hand side of (2). The
strategies in Proposition 1(ii) require that b satisfies v1y < b < min{ver, v1}, and since Z(vyr) =
=1 (var, — v1p) (vag — vor) < 0 we infer that b is the smaller solution of (2); moreover, Z(vir) =

(1 = Xo) (var, — v1r) <()‘17)‘2)v112§(217)‘1)U2H — v1H> and thus ()‘17)‘2)“1{&(217)‘1”2}1 > vy needs to

~

hold. The inequality b < wvip is obviously satisfied if vor < wyp, while if v1g < vor then it
is equivalent to Z(vig) < 0. Since Z(vig) = —[vig — Mvir — (1 — A1)var] (vag — vig) and
vig < ver < wvop, we deduce that the converse of (3) needs to hold. Thus (4) is a necessary
condition for the existence of a BNE such that by, < bar, < bip.

Now we verify that for each type of each bidder the strategy specified by Proposition 1(ii) is a
best reply given the strategies of the two types of the other bidder. Notice that pyz(b) = pay (b) = 1,
thus we do not need to consider bids above b. The same remark applies to the BNE described by
Proposition 1(iii).

Type 1. The strategies of types 27, and 2y are such that each type of bidder 2 bids at least vyp,
with probability one. Therefore the payoff of 1, is zero if he bids vy, as specified by Proposition
1, and it is impossible for him to obtain a positive payoff.

Type 1z. We know from (15) that the payoff of 1z is vy — b > 0 for any b € (vi,b]. If b < vz,
then p1g(b) = 0 and u1g(b) = 0. If b = vy, then 1y loses against 2y and loses also against 2,
unless 27, bids vyy, in which case 1y ties with 2, — an event with probability Gar,(v1r). Consider
the most favorable case for 1z, which means that he wins the tie-break against 27, with probability
one (this occurs if vor, < v1p): his expected payoff from bidding vy, is then (v —vi)AoGar(viL),
which turns out to be equal to vig — b.

Type 27. We know from (16) that the payoff of 2p is A\j(var — v1g) > 0 for any b € [vlL,l;].
For bids smaller than vz, the payoff of 21 is zero as por(b) = 0 if b < viz. If b € [13, b], then
uar,(b) = (var, — b)[AM1 + (1 — X\1)Gim(b)] = (var, — b)%ﬁ%g which is decreasing in b, and therefore
uar,(b) > usar(b) for any b € (b, b].

Type 2y. We know from (17) that the payoff of 2y is voy — b > 0 for any b € [l;,l_)]. For

bids smaller than wvyy, the payoff of 2 is zero as pag(b) = 0 if b < vip. If b € [v1r,b], then

p2r(b) = A1+ (1 = A)Gru(b) = A =24L and uop (b) = (ven — b)A1 22—k, which is increasing

in b and therefore ugp (b) < ugp (b) for any b € [v1,b). B

6.1.5 Step 5: When vi; < v9r, there exists a BNE such that by; = bor, < by if and
only if (7) is satisfied; any such BNE is outcome-equivalent to the BNE in

Proposition 1(iii)

In this case Lemma 3 (in the proof of Step 4) applies, thus we infer that by, = big =byy, = boy, =
by = v1r; this means that 27, plays a pure strategy and bids vir. Conversely, types 1g and 2y

employ mixed strategies and thus the following indifference conditions need to hold, in which we
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still use b instead of ey = bypy. For type 1p:

(vig —b) A2+ (1 = A2)Gop (b)) =vig —b  for any b€ (vig,b] (18)

For type 2p:

(varr — b)[A1 + (1 = M)Gi(b)] =vomr —b  for any b€ (vig,b] (19)

Notice that G1g(v1r) = 0 since if G1g(v1) > 0, then 1 ties with 27, with positive probability
by bidding v1r, and thus Lemma 2 applies. From Giy(viz) = 0 and (19) we obtain b = Ajv1y, +
(1 — A1)vep, and then (18)-(19) yield G1p, Gop in (8). The inequality (7) needs to hold since it is
equivalent to Gag(v1r) > 0.

Now we verify that for each type of each bidder the strategy specified by Proposition 1(iii) is a
best reply given the strategies of the two types of the other bidder.
Type 1. The same argument given in the proof of Lemma 4 in Step 4 applies.
Type 1y. We know from (18) that the payoff of 1y is vig — b > 0 for any b € (viz,b],3" and
b < vz, implies p1g(b) =0, u1gr(b) = 0. If b = vy, then 1 ties with type 27, and loses against 2,
unless also 2y bids viy, — an event with probability Gap(v1z). Consider the most favorable case for
177, which means that he wins the tie-break against each type of bidder 2 with probability one (this
occurs if voy < vyp): his expected payoff from bidding vy, is then (v1 g —v1r)[Ae+(1—X2)Gap (v11)]
which turns out to be equal to v — b.
Type 2;. The payoff of 2, is A\j(var, — v11). For bids smaller than vi;, we can argue exactly like
in the proof of Lemma 4 in Step 4. If b € [v1z,b], then por(b) = )\1% and thus uar(b) =
(var, — b)Al%fH;f%ﬁ is decreasing in b.
Type 2. The payoff of 2y is voy — b > 0 for any b € [v17,b]. For bids smaller than v17, we can

argue exactly like in the proof of Lemma 4 in Step 4.

6.2 Proof of Proposition 1 for the case of v, = vy,
6.2.1 Step 1: When v = v9;, = vz, any BNE is such that b,; = by; = b1z = bar, = vy,

We start by proving that b;; = byy. In view of a contradiction, suppose that by; < byy. Since 2f,
bids in [bys, byy) with positive probability, it follows that u§; = 0. Then v, < by, since by, < v,
implies that por,(b) > 0 and wuar(b) > 0 for any b € (b, vr). Moreover, vy, < by implies u§; = 0,
but pir(b) > 0 and uyr(b) > 0 for any b € (by,byy): contradiction. Therefore the inequality
b1, < b1, cannot hold in equilibrium, and a similar argument applies to rule out b;; < byy.

Given that b;; = by;, = b, we prove that b = vr. In view of a contradiction, suppose that b < vr,.
In case that G11(b) > 0 and Gar(b) > 0, Lemma 2 applies; thus G1(b) = 0 and/or Gar,(b) = 0. If
G11(b) = 0, we find that u§; = 0 since par,(b) is about 0 for b close to b, but in fact 27, can make
a positive payoff by bidding in (b,vr): contradiction. The same argument applies if Gar,(b) = 0.
Thus b = vy, which implies b1y, = bay, = vr: hence both 1, and 2, bid v;, with probability one.

3TNotice that viz — b > 0 given (7).
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6.2.2 Step 2: When vy, = v9;, = vy, in the unique BNE 15,2 play the mixed strategies
described by Proposition 1(iii) if (7) holds; if (7) is violated, then 1,2y play
the mixed strategies described by (5) and (6) with b = vy,

As in the proof of Proposition 1(ii) (Lemma 3 in Step 4) we can prove that byy, = b, (= v) and
bar, = by (= vr). Using again b instead of byz, boyy we infer that G, Gog need to satisfy

(vig = b)[A2 + (1 — A2)Gam(b)] =vimg —b  for any b€ [vg,b] (20)

and

(var — b)[A1+ (1 = A)G1g(b)] =voy —b  for any b€ [vg,b (21)

From (20)-(21) we obtain Gy (vy) = 1_1/\1 (UZZHH_:)I’L —A1) and Gapg(vr) = 1_1>\2 (qu;[H__UbL —A2). Lemma
2 implies that Gy (vr) > 0 and Gog(vy) > 0 cannot hold. Thus we consider the other cases.

If G1g(vp) > 0 = Gag(vr) we obtain b = Ayvr, + (1 — A2)v1g and Gy (vy) > 0 is equivalent to
the converse of (7); from (20)-(21) we obtain Gy, Gag as in footnote 14.3 Now we prove that no
profitable deviation exists for any type. The payoff of 11, (2) is zero and he needs to bid above v,
in order to win. For 1z, we know from (20) that his payoff is viz — b for any b € [vg,b] and b < vr,
yields uy(b) = 0. A similar argument applies to 2.

In case that Gog(vr) > 0 = Gig(vy) we obtain b = Ajvr, + (1 — A\y)vey, and Gog(viz) > 0
is equivalent to (7); from (20)-(21) we obtain G1g,Gapg as in (8). The proof that no profitable

deviation exists for any type is exactly as when (7) is violated.

6.3 Derivation of R given the BNE described by Proposition 1
6.3.1 The BNE of Proposition 1(ii) when v;; < v,

We evaluate RY as the difference between the social surplus S generated by the FPA minus the
bidders’ rents UF: RF = §F — UF. Thus we need to derive S and U*":

ST = MXvar + AM(1 = A)voy + (1 — M) Xo[var 4 (vig — vor) Pr{ly def 21}]
+(1 — )\1)(1 — )\2)[1)2[{ + (UlH — UQH) Pl‘{lH def 2H}]

and

Ut = (1 — )\1)(1)1]{ — )\gi) — (1 — /\2)1)1]{) + (1 — )\2)(1)2]{ — /\2?) — (1 — )\2)1)1]{) + )\2)\1(1)2]; — ’UlL)

38Gtep 1 and the proof of Step 2 up to this point apply for any tie-breaking rule. However, no BNE exists under
the standard tie-breaking rule if (7) is violated since (i) Gia(vr) > 0 and 1y and 2 tie with positive probability at
the bid vp; (ii) it is profitable for 1z to bid vz + & rather than vy, which breaks the BNE [a similar argument applies
if (7) holds with strict inequality]. On the other hand, with the Vickrey tie-breaking rule we have cig = vig —vr >0
and czr = 0; thus 15 wins (paying vy, as aggregate price) in case of tie with 2.
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in which Pr{ly def 2;}, for j = L, H, is the probability that 15 wins when he faces type 2;.

Therefore

R = )\2(2 — A — )\2)8 +(1+ )\% + Ao — 3)\2)’01}[ + Aa(1— >\1)U2L + A \iv1g
+(1 = A)A2(vig —vor) Pr{ly def 21} + (1 — A1)(1 — Xo)(vig — vorr) Pr{ly def 25}

Derivation of Pr{ly def 2;} For the case that vy # var, we need to evaluate

b
Pr{ly def 2} / G () Gar(b)db + 1 — G (B)
V1L

and using b = Aab + (1 — A2)vig in Gorp we find Gar(b) = v —b.

UlH—b

; .
A1 ver —virL vig —b

Pr{ly def 2 = / _ db+1 — —b

{1u L} vy L= A1 (v2r — b)?vig —b (1= A1) (var — b)

~

_ M(var —ou)(nim — b) /b a1 2lb—ui)
1—=M vy (V20— 0)?(vim — b) (1= A1)(var, — b)

We exploit

UQL—b’ 1
vig —b (UlH — 'UQL)(U2L - b)

1
db = 1
/ (vaz — 0)2(viyg —b) " (vig — var)?

to obtain
b - b - A —
/ - db — 1 _In (var, bA)(UlH v1L) N b Ui
vy, (VoL — 0)*(vig — b) (vig — var) (vig — b)(ver —v1r)  (vim — var) (var, — b) (var, — v1L)
thus

~ Mi(vig = b)(var, — vir) 0 (var, — b)(vigr — i) (1= M) (vigr — var) + M (b —vip)
Prilm def2}= (1= M)(vim —var)? ! (vipr — b)(var, — i) (1 =) (vig —v2r)

and

MAe(vig — b)(var, — vig) In (var, — b)(viy — V1)

1 — A1) Ao(vig — vop) Pri{ly def 2 -
( 1) 2( L 2L) { " L} UV1H — V2L (’UlH—b)(UgL—’UlL)

+X2 (1 = A1) (vim — var) + Aida(b—vir)
Derivation of Pr{ly def 2y} For the case that viy # ve we need to evaluate

b
Pr{ly def 2;} — / 17 (B) Gt (b) b
b

and using b = Aob + (1 — Ao)vig in Gop we find Gaop(b) = %:
B — A
UQH—b )\Q(b—b)
Pr{ly def 2 = / db
tar def2ih = =X 0P (= o) (ot — )

~ Xo(vam —b) b b—1b
=)= N) /b (1 — b)(vop — b)2db
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We exploit

/ b—lA) db — UlH—Z) In 'UQH—b‘_ UQH—E
(vig — b)(vamr — b)? (vig —ver)?  |vim —b|  (v2m —vim) (varr — b)
to obtain
b b—i) 'UlH—i) UQH—)\QI;—(I—)\Q)'U:[H
2db = 5 In ~
p (vig —b)(vay — b) (viH — v2m) Xo(vapr — b)
B (1= o) (v — b)
(voH — v1H) <U2H — X — (1 - /\2)U1H>
thus
Pl”{lH def 2H} _ )\2(1)2[{ — )\28 — (1 — )\2)1)1[{) VH — ?) . ln VoH — )\28 — (1 —A)\g)le
(1=A1)(1 = A9) (vig — v2mH) Xo(vag — b)
_ )\2(1)1[{ — [;)
(1 —X1) (vogr — v1m)
and

(1 — )\1)(1 — )\2)(1)1[{ - UQH) Pr{lH def 2H}
_ )\2(111[—] — b)(UQH — )\Qb — (1 — )\2)1}1[{) ln
U1H — V2H A2 (ng — [;)

+(1 — )\2))\2(1)1]{ — lA))

VoH — )\2?) — (1 — )\2)1}1[{

Evaluation of R

M2 (vig — b)(var, — v1r) In (var, — D) (v1g — v1L)

RF = )\26 + (1 — )\2)U1H +

U1H — V2L ('UlH — B)(UQL — 'UlL)
+)\2(7}1H — B)('UQH — )\28 — (1 — )\2)’01]{) 111 VoH — )\28 — (1 — )\2)’01]{
U1H — V2H A2 (ng — [;)
An expression for b is found by solving (2):
A 1
b= —(U2H+>\1U1L— (1—)\2)U1H+(>\2—)\1)v2L —Q) (22)

2o
with

Q= (1 = X)vig + (A1 — A2) var, — A1z, — varr)? — 4X2((1 — M)verr — (1 — X2)vig)var, + MviLvan)

6.3.2 The BNE of Proposition 1(ii) when v = vo;, (footnote 14)

SF = Xovip + A (1= Xo)vog + Aa(1 — M)vig + (1 — A1) (1 — Xo)(vig + (vog — vig) Pr{2y def 1y})
R (1 = X)) (vig — Avr — (1 — A2)vig) + (1 — A2)(vag — Aevp — (1 — Ao)vim)
Therefore
R = M@2—=X)uvin— (1 =X)(1=X)vam + (2= A — X)) (1 — Xo) gy
+(1 = A1) (1 — X2)(veg — vig) Pr{2y def 11}
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Derivation of Pr{2y def 15} For the case that v1y # ver we need to evaluate

Pr{2y def 1y} =

Aovin+(1=X2)viy
/ Gy ()G ()b

viL

_ /)\2U1L+(1—)\2)U1H )\2 V1H — V1L 1 (’UQH — )\Q’UlL — (1 — /\2)1)1[{ B Al)db
V1L 1_)\2 (le_b)Ql_)\l UQH_b
Xo(vig — vir) /)‘2”1”(14‘2)le (U2H — Xvir — (1 = A2y _ A ) b
(1 =A2)(1 = A1) Ju,, (v2rr — b)(vim — b)? (vim — b)?
We exploit
— 1
/ 1 Zdb _ 1 ~ In V1H b'
(vor — b)(vig — b) (vorr — viH) vorr —b|  (vem —viE)(vig — b)
to obtain
/’\2”1L+(1_’\2)”1H Vo — Agv1r — (1 — Ag)uim
JULH g
V1L (UZH - b) (UIH - b)
_ e — Aovip — (1= Mo)uin In A2 (Vo — v1L)
(varr — v1m)? va — Aovir — (1 — A2)vim
(1 = Xo)(vamr — Aovir, — (1 — A2)vim)
+
X (Vo — vim) (Vi — viL)
Moreover,
/A2U1L+(1—>\2)01H A\ b — A1 = X9)
vir, (vig — b)? Ao (vig —vir)
thus
_ _ —(1— _
Pr{2y def 15} — Xo(vig — vin)(vaE — Agvir — ( >2\2)U1H) A2 (Vo — v1L)
(1= X2)(1 = A1) (vorr — v1p) vo — Aovir — (1 — A2)vim
vorr — A2vir — (1 — Ao)vim A1
+ —
(1—)\1) (’UQH—UlH) 1—)\1
and
(1 =X1)(1 — A2)(vapr —vig) Pr{2py def 15}
_ (varr — Aovip — (1 — A)vim) A2 (vig — vir) n Ao (Vo —v1L)
VoH — VIH vorr — Agvir — (1 — Ao)uim
+ (1 =X2) (A2 + M = Dvig + (I — A)vem — Aavir)
Evaluation of R
RF = AoviL + (1 — )\Q)UlH (23)
(varr — Aqvir — (1 — Ao)vig)Aa(vig — viL) A2 (vag — v1L)
+ In
VoH — VIH vor — Aovuir — (1 — Ao)uim
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6.3.3 The BNE in Proposition 1(iii)

St = A Aovar, + )\1(1 — )\Q)UQH + )\2(1 — )\1)1)1}[ + (1 — )\1)<1 — )\2)(1)2]{ + (v1gg — UQH) PI‘{lH def 2H})
U = (1= M)(vig — Mvir — (1= A)vag) + (1 — M) (var — Mvir — (1 — Ap)verr) + Ay (var, — v11)
Therefore
R = M@ -M)vi — (1T =X)A = X)vig + (1= M) (2= A\ — \)vagy
+(1 — )\1)(1 — )\2)(1}1[{ — UQH) Pr{lH def 2H}

Derivation of Pr{ly def 2} For the case that v1gy # vory we need to evaluate

AMvin+(1=A1)vey
Pr{ly def 25} — / G (5)Gagr (b)db
V1L
_ /)\1U1L+(1—>\1)1)2H )\1 Vo — V1L, 1 ('UlH — )\l'UlL — (1 — /\1)1)2[{ B )\Q)db
V1L 1_)\1 (UQH_b)Ql_)\Q UlH_b
A1(vem — viL) /)‘WIL”L(l_)‘l)”zH vig =MoL — (L= Avag N )b
(I =A)(1 = A2) Ju,, (vim — b)(vam — b)? (v2r — b)?
We exploit
1 1 VoH — b 1
de = 5 In
(vig — b)(vag — b) (vie — vom) vig —b|  (vim —vem)(vem — b)
to obtain
/A1U1L+(1—>\1)02H Vi — M1 — (1 _ )\1)@2}[ "
2
V1L (U2H - b) (le - b)
v — Aoip — (1= A)vag | A1 (vig —v1L)
— 5 n
(Vi — v2m) vig — Mo — (1 — Ap)vem
(1 —X)(vig — Mvip — (1 — A)vem)
+
M (v — vom) (Vo — viL)
Moreover,
/A1U1L+(1/\1)U2H A o — Aa(1—Ap)
Vi (vom — b)? M (vam — vir)
thus
M(veg —vin)(vig — Ao — (1 — Aq)vap) M (g —vir)
Pr{ly def 2 = In
{Lu i} (1 =X)L = Xo)(vim — vom)? vig — Mo — (1 — Ap)vem
vig — Avip — (1 — A\1)ven A2
+ —
(1—/\2)(2}1}[—2}2}1) 1—>\2
and

(1= X1)(1 — A2)(vig — vor) Pr{ly def 25}
_ M (v —v1n)(vig — Aivin — (1 — Ap)vap) In M (g — L)
VIH — V2H vig — Avin — (1 — A\)vem

+(1 = X)((1 = A)vim — Mvir + (A1 + Ao — 1)vap)
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Evaluation of RY
(vie — Mo — (1 — A)vem ) A1 (velg — v1r) In M (vig —vir)
VIH — V2H vig — Ao — (1 — A)vem

RF = )\1’1)1L+(1_)\1)7)2H+

7 Proof of Lemma 1

Given \; = A2 and vi, = vy, = vr, when vig < veg = vy Proposition 1(ii) (footnote 14)
applies and reveals that types 17,27, bid as in the benchmark symmetric setting, whereas Gy (b) =

ﬁ(w—’\”f};(_lb_”””’ —A) and Gag(b) = ﬁvbl;”fb with support [vr,b], in which b = Mg, + (1 —

A)vig. It is simple to see that both G1g(b) and Go(b) are decreasing with respect to vy for any

b € (vr,b), and this implies that 1z and 2p are both more aggressive, in the sense of first order

stochastic dominance, the larger is v1z in (vr,vy].3° Given that

b b b
RE = N2up + 21— )) / bdGap (b) +A(1— ) / bdG1p (D) + (1 —N)? / bd(G1p(D)Gopr (b)) (24)
UL, vL vL

we infer that R is increasing in vy .
When v1 > vg, Proposition 1(iii) applies and reveals that types 11, 177, 27, bid as in the benchmark

symmetric setting, whereas G (b) = (lfA)Ezl_}f\;&?gt?,gbivL) for any b € [vr, Avg, + (1 — A)vg]. Since

Gap(b) is strictly increasing in vigy for any b € [vp, Av, + (1 — N)vg), we infer that 2p is less
aggressive, in the sense of first order stochastic dominance, the larger is v1p. Using again (24),
after replacing G1g with Gy and b with Avy, + (1 = Nvg, it follows that RF is strictly decreasing

with respect to v1g.

8 Proof of Proposition 4

8.1 Proof of Proposition 4(i)
8.1.1 The proof when (9) or (10) is satisfied

The proofs for these results are provided in the text.

8.1.2 The proof when (11) is satisfied

Since R® > RF" when (9) is satisfied and R® and R’ are continuous functions of the valuations, it
follows that RS > RF if vy, < var, < vig < va and vy, is close to vqf.

8.1.3 The proof when (12) is satisfied

IfA> %, then the condition Ay > max{%, A1} for Proposition 5(iia) is satisfied. Hence the proof
in Proposition 5(iia) applies to this setting to show that RS > R’ for each profile of valuations in
region B, that is such that viy < wvop < wvig < vop.

39Precisely, if vig <viyg < vg, then Fig and Fop given vy first order stocastically dominate, respectively, Fig

and Fopy given vig.
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For valuations in region C, that is viy < vig < ve < Vo, we show that Ut > US, and thus
RS > RF if (12) is satisfied. Since v1g < vap, Proposition 1(ii) applies and thus the aggregate
bidders’ rents in the FPA are UF = (1 — A)(vig — b) + (1 — N)(vag — b) + N2(var, — v1z) with
b= A3+(1—A)01H. Since U = \vap+(1—A)vag — v — (1—N)v1 g, the difference U —U? is equal
toA(1—)) (v1L+2v1H—v2L—25). From (22) we obtain b= % (Avip +veg — (1 — A) vig — Q) with
Q= \/((1 — Nvig — g —vep)? — 4X1 — A)(veg — vig)ver — A\2v 1 v9p. Therefore UF > US
boils down to Q > wvopg + Avar, — (1 4+ A)vig and (after squaring — notice that vop + Aver —
(14 X)vig > 0) ultimately to

—)\U%L + 2 (Bvig — 3vag + 2 vl — Avig) var,

25
+)‘U%L - 4U%H + 4dvigvog + 2(1 — 2)\)U1LU2H — 2(1 — >\)U1HU1L >0 ( )

We prove that this inequality holds for each vor € (vig,vig + %(01 i — v1r) by verifying that
the left hand side of (25) is positive both at ver, = viy and at ver, = vig + %(le —v1r). At
var, = v1f7, the left hand side in (25) reduces to (vig — vir)[A(4veg — 3vig — vin) — 2(ver — vi)]
which is positive since (i) it is increasing in A; (ii) has value 1(vig —viz)? > 0 at A = 3. At

vor, = 1 + g}f—gi(mH —v11), the left hand side in (25) reduces to H(Ul[—[ —wv11)? > 0.

8.2 Proof of Proposition 4(ii)

Given that A; = Ag, the condition A2 > A; for Proposition 5(iib) is satisfied. Hence the proof in
Proposition 5(iib) applies to this setting to show that RF — RS is increasing with respect to vay, in

region C.

Proof for the case of distribution shift In the case of shift, vog —v1g = a and vor, —v11, = .
If @ < vig—uvir, then vor < vigg and US = )\2(02L—UlL)+)\(1—>\)(ng—UlL)+(1—)\))\(01H—v2L)+
(1=XN)2(vag —v1g) = (1 =22 +2X3)a+2X(1 — \)(v1g —v1r). As a consequence, UF > U® reduces
to 2A(vig —vip) > (2 =3N)a. If A > %, then this inequality is satisfied for any a < vig — v1p;
if instead A < %, then the inequality is violated for o = vig — viz and it holds if and only if
a < 525 (vig — viL).

Ifao> ViH — V1L, then V21, > UV1H and US = /\2(1)2L—’UlL)+/\(1—)\)(’UQH—’UlL)-l-/\(l—)\)(’UgL—
vig) + (1 = N2(vag — vig) = @. As a consequence, UF > U® reduces to 2(2 + \)(vig — vip) >
3(2 — N)a. If order for this inequality to be satisfied by an « larger than v1y — v1r, it is necessary
that A > 2.

9 Proof of the claims in Subsection 4.2.4

When (3) is satisfied, G2(b) < G1(b) holds for any b. Moreover, bidder 1 never wins in either
auction when (3) holds. Conversely, 2 wins with probability one and in the FPA he pays viz; in
the SPA his expected payment is the expected valuation of bidder 1, which is smaller than viy.
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For i = 1,2, let UiF denote bidder i’s ex ante expected equilibrium payoff in the FPA; Uis
is defined likewise for the SPA. When (4) holds we find UF = (1 — MA(vig — b), US = (1 —
MAmax{vig — var,0}, and U{" > U? since b < min{var,v1g}. Moreover, Ul = M (vop, — vi1p) +
(1 — )\)[UQH —\b— (1 — )\)UlH], Uﬁg = )\[)\(UQL — vlL) + (1 — )\) maX{UQL — UlH,O}] + (1 — )\)[UQH —
Avir — (1 — A, and UZS - U2F = (1 — M) A[max{ver, —v1m,0} + b —v1z] > 0 since b > v1r.

For the equilibrium bid distributions we find G1(b) > G2(b) for any b € [vir,b] as Gi(vip) =
Ga(b) = \. For b e (b,b], G1(b) = vzg_b and Ga(b) = $H= b , hence Gy (b) > Go(b) for b € (b, b).

When (7) holds we obtain U = (1—\)(viy — )\vlL—(l MNvagr), UP = (1—=\)(v1g —Avgr, — (1 —
A)vapr ), and UlF > Uls since v17, < var,. Moreover, Uf = UQS = )\2(U2L —v1p)+ (1 —)\))\@QH —v1L).
For the equilibrium bid distributions we find G1(b) = A2EHL and Gy(b) = m—:g with b =

7 Vo H ViH
Avig + (1 — XN)vag and Ga(b) > G1(b) for any b € [v1r,b).

10 Proof of the final claim in Subsection 4.2.5

“+o0o

We consider two sequences of atomless c.d.f. {F]", F3'} '],

with continuous and positive densities
f1', f3 for each n, which converges weakly to Fy, F5. We show that for any large n, (13) and/or
(14) are violated by F7', F3'.

When vy, < wvar, select an arbitrary © € (vir,ver) and notice that given a small € > 0, for
a large n the inequality F{'(0) > A — ¢ holds. Therefore r ( ) (F)7HEMD)] > vor, — e > 0
[because lim,_, 4o F5'(v) = 0 for each v < var, — €] and f f(z)dx = F3r"(0)] — F3(v) >
A — 2¢ for a large n. If f{'(0) > f3(x) for any = € [0,7"(0)], then lim, 4 f{"(0) = 0 implies
limy, 4 o0 fgn(@) fi(x)dz = 0: contradiction. Hence (14) is violated if FJ*, F} are close to Fi, I}
and vi7, < vor.

Now assume that vi;, = vor and vig < wvep. Then given a small € > 0 and a large n, the

inequality F{"(vig +¢) — F{'(vig —¢) = fleJrE fi(x)de > 1 — X\ — ¢ holds, and FJ(vig +¢€) —

V1H—€

F(vig —€) = f&ff f3'(x)dx tends to zero. Now notice that if there exists a number ¢ > 0 such
that flg g <t for any z € (vig — €,v1g + €) and any n, then f;}llHHJ;sfl( Vo < tf&ff P (2)d

v1g+E
and lim, 4 o0 fle i

fi(z)dx = 0. Thus for any ¢ > 0, for any large n there exists some z, €

(vim —€,v1 +¢€) such that %mng > ¢, which implies that (13) cannot hold since Fj'(x,) > A —e.

11 Proof of Proposition 5

(i) Suppose that A\; < Aa. Then Proposition 1(ii) applies and the ex ante expected payoffs of bidders
1 and 2 in the FPA and in the SPA are

Ul = (1= M)X\e(vg —b) and U = (1 - A1)Xa(vy — var)
UQF = )\2)\1<U2L _UlL)"‘(l_)Q) )\Q(UH—[;) and Uég :)\2)\1<U2L —UlL)+<1 —>\2) )\1(UH—U1L)

From (2) we obtain b = vy, — i\—;(ng —w1z), and this reveals that Ul > U and UJ > Uy
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In the opposite case such that A\; > Ao, Proposition 1(iii) applies and

Ul = (1=2x)M(vg —vir) > UP = (1 — M)Ae(vg — var)
UQF = Uﬁg:)\QAl(UgL—UlL)-F(l—Ag))q(UH—vlL)

In either case, UT = Uf + UF > U® = UP + Uy and thus R® > RF.

(ila) Since A2 > A1, inequality (4) holds in region B and Proposition 1(ii) applies for the FPA.
First we notice that for var, = v1z, RY is decreasing in voy. It suffices to notice from footnote
14 that an increase in vopy has the only effect of making 1 less aggressive by increasing G (b).
However, an increase in vey does not affect R. Since RS > RY at voy = vy, it follows that
RS > RF still holds for veyy > vipg. As a consequence, RS> RFin region B if vy, is close to vif.
Now we show that RS > RF in region B if Ay > max{%,)\l} by proving that UF > U® for any
profile of values in B. The bidders’ rents in the FPA are UF = (1 —\;)(vig —b) + A2 A1 (var, —v1r) +
(1—X2)(varr — b) with b= Agb+ (1 — Ag)v1g. On the other hand, the bidders’ rents in the SPA are
US = MA2(var —v1n) + A (1—=X2) (vam —v1n) + (1= A1) A2 (vig —var) + (1= A1)(1 = A2) (vapr —vim).
Hence the inequality U F > U5 reduces to

(A2 = A)(1 = X2)vim + Ar(1 = A2)orp + Aa(1 — A)vap > Aa(2 — A — Ag)b (26)
We show that (26) holds in region B if Ay > max{3, A\;}. First we notice that (26) depends on

vy only through b, and we prove that b is (weakly) increasing with respect to vep. Precisely,
oZ

we use Z to denote the left hand side in (2), thus 85281{ = — 8&7 b=k Since b is the smallest
ob lb=b
solution of (2), it follows that %_ﬂb:ia < 0. Moreover, aizzH )b:IS = Avip + (1 — Ap)vop — b and

b< My + (1= A1)ver since Z evaluated at b = A\jvip + (1 — Aj)var is equal to —A1(1 — A2)(var, —

vip)[vig — M — (1 — A)ver] < 0. Therefore 8‘222}[ ‘b—é > 0 and 855’11 > 0. Using (22) we see that

limy, ;400 b = Mv1z, + (1 — A1)var, hence a sufficient condition for (26) to hold is (Ay — Ap)(1 —
/\2)’1)1]{ + )\1(1 — /\2)7)1L + )\2(1 — )\1)U2L > )\2(2 — A= )\2)()\1U1L + (1 — /\1)U2L)7 which is equivalent

to
()\2 — )\1)(1 — )\g)le + )\1(1 — 3y + A1 + )\g)vlL + )\2(1 — )\1)<)\1 + Ao — l)ng >0 (27)

Since the left hand side in (27) is linear in vy, and vy, < var, < vy in region B, we deduce that
(27) holds in region B if and only if it is satisfied at vor, = vi7, and at vor, = v1g. At var, = v1z, (27)
reduces to (1 — A2)(Aa — A1)(vig — v1z) > 0, which holds as Aa > A\1. At var, = v1g, (27) reduces
to A1(3Xa — A Ao — A2 — 1)(v1g — v1) > 0, which holds as (i) the left hand side is increasing in Ao;
(ii) if A1 < 3, then Ay > max{3,\;} = 3 implies 3Ao — Ajdo — A3 —1> 1 — 1), > 0; (ii) if Ay > 3,
then Mg > max{%,)\l} = \; implies 3Aa — Ajda — A3 —1>3\; — 203 —1 = (1—\;)(2\; — 1) > 0.

Now consider region C, that is valuations such that vy < vig < vop < vop. Then U Fo—
(1 — )\1))\2(1}1[{ — l;) + /\2>\1('U2L - ’UlL) + (1 — )\2)(2}2]{ - )\26 — (1 - /\2)’1)1]{) with b = )\B+ (1 — /\)'UlHy
and US = Mvor, + (1 — A\o)vag — Mvir — (1 — A)vig. The inequality U > US is equivalent
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to —Aa(1 — A1)var 4+ AM(1 — A2)vir 4+ (3ha — Aadr — A2 — M)vg > Aa(2 — A2 — A1)b. Using (22)
we obtain that U > U boils down to a inequality which is quadratic in var, with (complicated)
coefficients: —4Xa (1 — A1) (BAa+ AT = A3 — A1 ha—2\1) for vZ,, —4Xa(1—A1)(3— A1 —X2)(2— A1 —A2)
v2H+4(6U1H)\2—ZUlL)\%—i-UlL)\?—i-Qle)\%—UlH)\?+leA%—UlH)\%—4U1L>\1)\%+301L)\%)\2+U1L)\1)\%—
2012030 + 3uig M A3 4 Qv NIy — vigAIAe + viLAIAZ — vigAIAE + 2010 M0 — 1Tv g A Ne) for
var, and 4 (2 — Ap — A2) (A1 + AfA2 — 3XaA1 + MA3)viz + (3B — Aad1 — A3 — Ai)vig) vam +4(1—
M) (2uig —vip A1) (—)\1(1 —X2)vir 4 (=3X2 + Moy + A2 + Al)le) as a constant term.

A2 e
We prove that the inequality is satisfied if vig < vor, < vig + )/‘\12((31)‘_2/\1))‘53_)‘/\13‘3\21)) (v — v1L)-

In order to do so, we notice that the coefficient of v%L is negative, that is 3A\a + )\% — )\3 — Ay —
2A1 > 0, and thus it suffices to verify that the inequality holds at vo; = wvig and at vop =
vig + ))‘\12((?1)‘_2/\71))‘%_)‘;1)‘3;21)) (v —vir). In particular, 3Ag + )\2 )\2 A1\ — 2)\1 is increasing in g,
and (i) if A\ < 3, then Ao > 3 and 3o + A7 — A3 — Mo — 20\ > 2 — 30 + AT > 0% (if) if A > L,
then Ao > A; and 3Xg + A2 — A3 — Mo — 201 > M\(1— \) > o. At var, = v1p, the inequality
reduces to A\ (vig — v1r) ((BA2 — A3 — A Aa — 1)(2 = A1 — A2)vay +2v1 5 — viz A1 — TuigAe +vip A —
le)\% + 51}1H)\% — le)\g — UlL/\%/\Q — 21)1H/\1)\% + viL A1 A2 + 4vigAiA2) > 0, and since voy > v1H,
the left hand side is larger than A\ (vig — vip)((3A2 — )\% — M2 — 1)(2 =X\ — Xo)vig + 201 —
ViA1= Toig e + v1LA] — vig A 4+ 50103 — vig A3 — viLA A2 — 2015 AN + vip A e + dvig A Ae),
which is equal to A2(1 — \1)(1 = Ae)(vig —viz)? > 0. At vop = vigg + );\12((?1/\2&/)\%;};3‘3;21)) (vig —viL),
the inequality reduces to A2 (1 — A2)(3X2 — A1 — A3 — A1 o) (2= ?‘11 ;12))(3(3\7_:;?2)2, which is positive.

(iib) Since

purpose we notice that (4) is satisfied in region C' and we show that 8

1mphes 8
and from (5)-(6) it follows that G15(b), Gar(b), Gop (b) are all decreasmg in var,, which 1mphes that

types 1g,21,2y are all more aggressive as vy, increases. Thus RY is increasing with respect to
oZ

= —% > 0, recall from the proof of Proposition 5(iia) that
b 1b=b

vor,. In order to see that duQL

‘b ; <0and 8‘22 . =\ — )\2)13—1— (1= A1)vom — (1 — A2)vig. Since vay > viy in region C,
we find 8?)221, ’b > (A2 — )q)(UlH — b) > 0; therefore 77>~ — > 0.

(iiia) Given that A; > g, in region A the mequahty (7) is satisfied and thus Proposition
1(iii) applies for the FPA. This implies that G1, G2, the equilibrium bid distributions of the two
bidders, are independent of \y: using (8) we find G1(b) = A\ + (1 — A\1)G1g(b) = Mgz—zm) and
Ga(b) = Ao+ (1 — X2)Gapy (b) = 2= a U);ﬁvsz MUIL for | € [vir, Mvir + (1 — A)veg]. Hence RY is
independent of Ay, whereas R® = \jv1r, + (1 — A1) (Aavar, + (1 — A2)vapr) in region A, and thus RS
is decreasing in Ao. Therefore, given Ao < A1, the minimum of RS with respect to Ao is reached at
A2 = A1. Then we can apply Proposition 4 [condition (10)] to conclude that RS > RF.

(iiib) The proof is organized in four steps

Step 1: In region B, RF — RS is increasing with respect to vyp if (7) is satisfied.
In region B, R® is independent of vag. On the other hand, Proposition 1(iii) reveals that R is
increasing in wvep: the bidding behavior of types 11,2 does not depend on wvep whereas types
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1#, 2 bid more aggressively as vy increases [as G1p(b) and Gap(b) are decreasing in vepr|. Hence
RF — RS is increasing in vap.

Step 2: In region B, R > RY if (4) is satisfied and \; > \2(1 +In /\—12)

We start by proving that b and b are increasing with respect to vsr, and then show that also

RF is increasing in vey. Precisely, we use Z to denote the left hand side in (2) and prove that
9z ‘

agfL = —2e2Ll=h (). Since b is the smallest solution of (2), it follows that 2Z ’b ; < 0. Moreover,
Bb lb=b
s == A2)b+ (1 — A)veg — (1 — Ao)vig and (4) implies (1 — Ap)vagr > (1 — Ao)vrp +

()\2 — )\1)1}11, Therefore % i > ()\1 — )\2)6 + (1 — )\Q)UlH + ()\2 — )\1)U1L — (1 — )\2)1)1]_1 =
(A1 — A2)(b—v1z) > 0, and hence 8

From (5)-(6) we see that types 1g,2p, 2 g are all more aggressive as v9y, increases, as in the proof

> 0.

’ 81}2[,

of Proposition 5(iib). Thus RF is increasing with respect to vey, and let Rr};m denote RY when vor,
takes on its minimum value, that is at ver, = vir. Also R is i increasing with respect to vor, and
RS = \jvig + (1 — A\1)vig when vyr, takes on its maximum value in region B, that is at ver, = v1g.
We prove below that ann > AMovir + (1 — A\1)viy, which implies that RT > RS in region B when
(4) is satisfied.

When vsr, = vy, the equilibrium bidding in the FPA is described in footnote 14 and it is clear that
Rflm is decreasing in vagz, as seen in the proof of Proposition 5(iia). Hence ann > limy, ; — 400 Rfﬁn,
and using (23) we see that limy,, 100 RE. = Aovip + (1 — A2)vig + Ae(vig — vig)Indg. The
inequality Aovir + (1 — Ao)vig + Ao(vig — vip) In g > Mvip + (1 — A1)vig is equivalent to A; >
A2(1+In /\%), which holds by assumption.

Step 3: If vy < viH, then there exists v}, [and v}, > viy, such that (7) is satisfied]
such that R° > R when vy < V3, and R > R® when vop > V3 g

This is immediate consequence of RS > RF if vofy = vy [from Proposition 5(ia)], and Steps 1 and
2 in this proof.

Step 4: If vy, > viy is not too larger than vy, then there exists v, (and vj; > vig)
such that R° > RF when vy € (vor,v3), but RF > RS when vy > vy If conversely
vor, is much larger than v; g, then RY > RS for any vop > v2f.

We start from a profile of valuations (vir,v1H, vor, ver) such that vor = vig and (7) is satisfied,
and consider increasing vor,, which implies that region C is entered. The increase in vo;, has no
effect on RY and has no effect on R®, thus R > RS if and only if voy is sufficiently large.

Now start from (v1r,v1,v2r, v2p) such that vep, = v1y and (4) is satisfied. We know from Step 2
in this proof that RF > RS. Then consider increasing vay, which implies that region C' is entered.
From the proof of Step 2 we know that the increase in voy, increases RY', and it has no effect on
RS. Hence R > RS.
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12 Proof of Proposition 6

12.1 Proof of Proposition 6(i)

Consider type 1;, for j = L, M, H. Given that each type of bidder 2 bids vy, for type 1; there is
no incentive to make a bid different from the own valuation vy;, given that vi; < vip.

Now consider type 2;, for j = L, M, H, and notice that bidding b = v;y yields him payoff
vgj — v1g > 0, whereas ug;(b) = 0 if b < vir, ug;j(b) = Ap(vej; — b) if b € [vip, viar), and ug;(b) =
(AL +Anr)(v2j —b) if b € [viar, vig). Given that Agvar + (AL +Aar)viar > vig and (A +Ag)var +
Arvir 2> vig we infer that ug;(b) < voj —vipg for any b < vyg.

12.2 Proof of Proposition 6(ii)

We use vr,, vy, vg + « to denote the valuations of bidder 1, and vy, vas, vy to denote the valuations
of bidder 2. In Steps 1-3 in this proof we consider the case of a small o > 0.

First we show that there exists a BNE in the FPA characterized by three bids by, bs, b3 such
that (i) vz, < by < by < bs; (ii) 1z bids vy, 13 and 1x play mixed strategies with support (vr, ba]
for 1ps and [ba, bs] for 1g; (iii) 2p bids vr, 257 and 2y play mixed strategies with support [vr, b1]
for 257 and [by, b3] for 257. Then we prove that % . < 0 for this BNE, and thus RY is smaller

for a small o > 0 than in the case of a = 0.

12.2.1 Step 1: Characterization of the equilibrium mixed strategies

Given the supports for the mixed strategies described above, we obtain the following indifference
conditions for types 1as, 15, 20, 2. We use Gj; to denote the c.d.f. of the mixed strategy of type
ij, fori=1,2and j =L, M, H.

Type 1as:
(var = O)[AL + AmGane (b)) = (AL + Aur)(var —b1) for any b€ (vg,bi] (28)
(vpr = b)[ AL + A + AgGag (b)) = (Ar+ Au)(var —b1) for any b € [by, bo] (29)

Type 1g:
(v + =D)AL + Aar + AgGag(b)] = vy +a — bz for any b € [by, bs) (30)

Type 2.
(var — B)[AL + MG (b)) = Ap(var —vg) for any b € v, by] (31)

Type 2j:
(vr = O)[AL + AmGim(b)] = wvh —bsz forany b€ [by,bo] (32)
(va = b)[AL + Ay + AuGiu(b)] = vy —bz forany b€ [ba,bs] (33)
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Equilibrium rules out mass points at any b > vy, thus each c.d.f. needs to be continuous at

bids larger than vy, and using (31)-(32) we find that Gpjs is continuous at b = by if and only if

)\L(UM—UL) _ UHfbg or
vm—br T vg—by’
AL(vg —b1)(vp —vr) = (v — b1)(ve — b3) (34)
Likewise, (29)-(30) reveal that Gap is continuous at b = by if and only if (AL+;\;JJ\\§)—(Z;M_I)1) - Zgig:lﬁ;
or
()\L + )\M)('UM - bl)(’l}H + o — bg) = (UH +oa— bg)(UM - bg) (35)
Finally, G1x(b2) needs to be 0, and then (33) yields
b3 :/\H"UH+(/\L+>\M) bs (36)

Inserting (36) into (34) and (35) we obtain two equations in the unknowns by, ba:

)\L(’UH—bl)(vM—vL)—()\L-i-/\M) (’l)M—bl)(UH—bg) = 0 (37)
(>\L+>\M)(UM—b1)(UH+a—b2)—(()\L—F)\M)(UH—bz)—l—oz)(UM—bg) =0 (38)

The system of equations (36)-(38) characterizes the equilibrium values of by, ba, b3. In the next step
we prove that vy, < by < by < b3 for a small a > 0, and here we show that these inequalities imply
that no incentive to deviate exists for any type, that is the strategies we have described constitute
a BNE.

First we notice that the range of bids submitted by bidder 1 and by bidder 2 is [vr, bs], thus
for no type it is profitable to deviate with a bid below vy, or above b3. Second, it is useful to take
into account the following fact (the proof is immediate after differentiating u with respect to b):

For given ay > 0, ag > 0, the function u(b) = 2=2, defined for b € [0, az),

ag—b
is increasing if a; > ao, is decreasing if oy < as.

(39)

Type 1;. Type 11 bids vz, with probability one, which gives him payoff zero. Since uir(b) < 0 if
he bids b € (vg, bs], he has no incentive to bid in (vz, bs].

Type 1. Type 1ps plays a mixed strategy with support (vr, ba] and his payoff is (Ar, + Anr)(var —
b1). If instead he bids b € (ba, bs], then uip(b) = (vyg + @ — bg)vzlﬁ;ﬁb [in view of (30)], which is
decreasing in b since vy; < vg + a. This gives type 1p7 no incentive to bid in (be, b3]. Regarding

b = vr, notice that Gaps(vy) > 0 since, as we prove in Step 2, by < vy + ﬁ%ﬁ/\A—M. Therefore bidding
b = vy, implies for type 13 a positive probability of tying with type 2, (with a probability of
winning in this case equal to %) and therefore a discrete reduction in the probability of winning
with respect to bids slightly above vy. This makes bidding v;, an unprofitable deviation for 1,;.

Type 1y. Type 1y plays a mixed strategy with support [bg, b3] and his payoff is vy + «a — bs. If
instead he bids b € (v, b2), then uig(b) = (Ar + Anr)(var — bl)% [in view of (28) and (29)],
which is increasing in b since vy + a > vyy. Therefore type 1 has no incentive to bid in (v, ba).
The same argument described for type 1ps reveal that the bid b = vy, is an unprofitable deviation

for 1.
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Type 21. Type 27, bids v, with probability one, which gives him payoff zero. Since wuar(b) < 0 if
he bids b € (vr, b3], he has no incentive to bid in (vr, bs3].

Type 2. Type 27 plays a mixed strategy with support [vr,b1] and his payoff is Ar(vyr — o). If
instead he bids b € (b1, b3], then ugps(b) = (vy — bg)%ﬁ:—é’ [in view of (32)-(33)], which is decreasing

in b since vyr < vy. This gives type 2)s no incentive to bid in (by, b3].
Type 2. Type 2 plays a mixed strategy with support [b1, b3] and his payoff is vy — bs. If instead

he bids b € [vr, b1), then uam (b) = Ar(var — vL);’Z:Z [in view of (31)], which is increasing in b since

vg > vr. This gives type 25 no incentive to bid in [vg, by).

12.2.2 Step 2: For a small a > 0, the inequalities vy < b; < b2 < b3 hold

In the following we use A = vy —vp >0 and t = %(UH —wvpr) > 0. The values of by, by, bs depend
on «, and therefore we write by (), b2(a), b3(a). When a = 0 we obtain the symmetric setting,
with b1(0) = b2(0) = v + )\iﬂ‘ﬁ)\AM’ b3(0) = vr + (A\pr + A + Agt)A. We investigate how by, be, b3
depend on a, for a small a > 0, by applying the implicit function theorem to (37)-(38) at o = 0,

by = by = v, + ﬁ%/\A_M; in this way we obtain ] (0), b5(0), b5(0). To this purpose we denote the left
hand sides of (37), (38) with f1(b1, b2, ), fa(b1, b2, @), respectively. Then we obtain

df1 df1 df1
9 L+ N S I —b g _
by (AL + M) (v = b2) = ALA, Dby (AL + Anr) (v — br), £ 0
0 0
ﬁ = —()\L+>\M)(UH+a—b2), ﬁ:()\[,—i-)\]\/[) (UH+b1—2b2)+a,
8[)1 abZ
Of2
—= = by— (A +Apm)b1 — A
50 2 — (AL + Am)bi — Agvm
We evaluate these derivatives at « = 0, by = by = vf, + )\’L\IJV:AAM and find
-1
b1 (0) o (AL + M)At ALA 0
b, (0) — AL+ AL+ ) A (AL +tAp + ) A — UL A
_ A2
_ (AL+HAL M) (AL +FAr)
AgApt
(AL+tAL+tAn)?
Using (36) we see that b5(0) = % In next step we use b)(0),b5(0),b5(0) to derive
dcll'tl

a=0

12.2.3 Step 3: Proof that % <0

We define G;(b) as ALGir(b) + AGine(b) + AgGim(b) for i = 1,2, so that G(b) = G1(b)G2(b) is
the c.d.f. of the winning bid. In particular, from (28)-(33) we obtain

Az + A G (O] + ArGane ()] = A (Ar + Aag) 2Rt if b€ [vr, b1 ()
G) = { [+ MG B]As + Aar + ArGar(b)] = (A, + Aw) [”Hgv"ifi“%%[&ﬁ_’;ﬁ‘“” if b € [b1(a), ba(a)

AL+ A+ MG ()]s + As + AgGan (b)) = Leps@lintos@l i ¢ [by(a), by(a)]
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Since

o 03 Glog) + /bs(a) bC(D) — ba(c) — /bs(a) G(b)db
_ e Al = bile)] [ [va — bs(@)][oar = ba ()]
= bﬁa)_lAL ALQAL + M) (var — b)? v Lﬁma)(AL+_XM) (vnr = b)(vm = b) v

_ /bg(a) [ — bs(][on + a = bs(@)]
ba(a) (vir = b)(vs +a = b)

. his o 1 dR¥
we can use this expression to evaluate o

e The derivative of fbl(a) )\L(/\L—F)\M)éwﬂdb with respect to a is Ar(Ar+Anr)A| bi(a)

b)? s var—b1
AgAY

bi(a) _by(a)
val (oY= db] and at o = 0 it boils down to G YETIwTrenrE

e The derivative of 2(a) (AL + Amr o —bs(@)llor=bila)] g witp respect to « is
b1 ( (vpm—b) (v —b)

[ — b(0)][vrr — bi(0)] )y,
(Az +Am)f [var — ba()][vgr — b2(a)] VH — bl(a)b e
. / = Yy(@)var — bi(e)] + Br(@)loar — bs(@)] 5,
b () (s = b)(vir = b)

AL+HAm)A LAl
AL+t -+t

by(a) — Lt

and at o = 0 it boils down to

e The derivative of f b3(a) v (vb;( 2;[(1;1; :Z:Zg(a)] db with respect to « is

() — [ve — b3(a)][ve + a — bg(a)]b5 ()
’ [ve — ba(@)][vg + a — ba(a)]

+f 45) {[ogy — by(0)][1 — 2bh(a)] — abh(e)}(wrr +a—b) — [orr  ba(0)][orr + — by()]
ba(c) ('UH —b)(UH+()[—b)2

db

)\%/\L(AL-f—)\]V[)t 22 (t)\L-i-t)\]V[ >\L) (>\L+)\JVI) t2+>\2

and at o = 0 it boils down to

which is equal to A%

AL+ L+tAM)? 2(AL+tAL+tAM)2 2L +HAL+EAN)?

Therefore
dRF (AL +Aar) A st AHAD QA s Qn )+
da |,—g O+t +ta)?  On+th+ta)? Ao+t +td P20+t + thy)?

A (A +du)? (8 = 5255)7 + 22 A —0
Q(AL—l-t)\L-i-t)\M)

= T AH

On the other hand, R® does not change if « increases from 0 to a positive value, thus R® > RF for

a small o > 0.
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12.2.4 Step 4: The case of a small reduction in vy

Consider the symmetric setting such that vi;, = vor, = vp, viyr = Vopsr = Vpg, ViH = Vo = VI,
then RY = v; + (A + )\H)QA + )\%{At. We need to prove that R is larger in this case than if
v1g is reduced to vy — «, for a small a > 0. In order to prove the latter property, consider first
the symmetric setting in which vi;, = vor, = vp, vy = vopr = vy, Vig = Yoy = vy — «; then
RE =vp+ Ay +2g)2A+ )\%{(At —a). Now increase vy from vy — « to vy. By Steps 1-3 in this
proof, the effect is that R is reduced below vz, + (A + Ag)2A + A% (At — a), which guarantees
that RY is smaller than vy, + (Aas + A )2A + M4 At

12.3 Proof of Proposition 6(iii)

In this proof we use vr,var, vy to denote the valuations of bidder 1, and vy, + yo, var, vy — « to
denote the valuations of bidder 2, for an arbitrary y > 0 and a small o > 0.

First we show that there exists a BNE in the FPA characterized by three bids by, bo, b such that
(i) v, < b1 < be < bs; (ii) 11 bids vy, 137 and 15 play mixed strategies with support (vy,, be| for 1,/
and [ba, b3] for 1g; (iii) 27 bids vr, 2p and 2y play mixed strategies with supports [vr, b1] for 237

and [b1, b3] for 2. Then we evaluate % for this BNE and prove that % o < % Y

Thus RY < RS for a small a > 0.

12.3.1 Step 1: Characterization of the equilibrium mixed strategies

Given the supports for the mixed strategies described above, we obtain the following indifference
conditions for types 1as, 1, 2), 2. We use G5 to denote the c.d.f. of the mixed strategy of type
ij, fori=1,2and j =L, M, H.

Type 1a:
(var — )AL + AmGan (b)) = (AL + Aa)(var —b1) forany b€ [vg,bi] (40)
(var =D)AL + Ar + AgGam(b)] = (AL + Aar)(var —b1) for any b € [by, bo) (41)

Type 1g:
(va = b)[AL + A + AgGan(b)] = vg — bz for any b € [bo, b3] (42)

Type 2s:
(vpr =D)AL + A Giar (b)) = Ap(vayr —vp) for any b € [vg, by (43)

Type 2q:
(vg —a—b)[AL + AmGim(b)] = vg —a—bs forany b€ [by,bo] (44)
(vg —a —b)[AL + Ay + AgGig(b)] = vg —a—bs for any b € [by,bs] (45)
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Equilibrium rules out mass points at any b > vy, thus each c.d.f. needs to be continuous at

bids larger than vy, and using (43)-(44) we find that Gpjs is continuous at b = by if and only if

A — vg—a—b
ngj}v;\/[—bfL) = vf;—a—b?’ or
An(vg —a —b1)(vayr —or) — (v — b1)(vg —a—b3) =0 (46)

Likewise, (41)-(42) reveal that Gy is continuous at b = by if and only if ()\LJF;\;Z)—(ZQM =h) — ﬁﬁigiv
or

(AL + Aar)(var — b1)(vg — ba) — (v — bs)(var — b2) (47)
Finally, G1p(b2) needs to be 0, and then (45) yields

b3 :/\H(UH_OC)+()\L+)\M) bo (48)
Inserting (48) into (46) and (47) we obtain two equations in the unknowns by, bo:

)\L(UH — o — bl)(UM — UL) — ()\L + >\M) (UM — bl)(UH - — bg) = 0 (49)
(/\L + )\M)(UM — bl)(UH — bg) — ((1 — )\H)(UH — bz) + )\Hoz)(vM — bg) =0 (50)

The system of equations (48)-(50) characterizes the equilibrium values of by, bg, bs. It is important
to notice that the valuation of type 25, vy + ya, plays no role. In the next step we prove that
v, < by < by < by for a small > 0, and here we show that these inequalities imply that no
incentive to deviate exists for any type, that is the strategies we have described constitute a BNE.
First we notice that the range of bids submitted by bidder 1 and by bidder 2 is [vy, bs], thus
for no type it is profitable to deviate with a bid below v, or above bs. Second, it is useful to take
into account fact (39).
Type 11. Type 17, bids vy, with probability one, which gives him payoff zero. Since u;r(b) < 0 if
he bids b € (vr, bs], he has no incentive to bid in (vg, bs].
Type 1);. Type 1)/ plays a mixed strategy with support (vr, ba] and his payoff is (Ar, + Aar)(var —
b1). If instead he bids b € (bo, bs], then uqps(b) = (’UH—bg)vM:g [in view of (42)], which is decreasing

vH
in b since vy; < vy. This gives type 1ps no incentive to bid in (bg,bs]. Regarding b = vy, notice

that Gaps(vr) > 0 since, as we prove in Step 2, by < vr + ﬁﬁf/\A—M. Therefore bidding b = vy, implies
for type 1ps a positive probability of tying with type 23, (with a probability of winning in this case
equal to %) and therefore a discrete reduction in the probability of winning with respect to bids
slightly above vy. This makes bidding vy, an unprofitable deviation for 1;;.

Type 1. Type 1y plays a mixed strategy with support [ba, b3] and his payoff is vy — bs. If instead
he bids b € (vr,b2), then uig(b) = (A + Aar)(var — bl)”Hj’) [in view of (40) and (41)], which is

VM
increasing in b since vy > vys. Therefore type 1y has no incentive to bid in (vg,bs). The same

argument described for type 1,s reveal that the bid b = vy, is an unprofitable deviation for 1.
Type 21. Type 21, bids vy, with probability one, which gives him payoff Apya. If instead he bids

b € (vr,vr + yal, then uar(b) = Ar(var — v,—)% [in view of (43)], which is decreasing in b
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since vy, + ya < vy. Hence 27, has no incentive to bid in (vg, vy, + yal, and uar(b) < 0 if he bids
b e (vr, + ya, ba).

Type 2);. Type 2)s plays a mixed strategy with support [vr,b1] and his payoff is A\r(vayr — vr).
If instead he bids b € (b1, b3, then ugpr(b) = (vg — o — bg)EM;—bb [in view of (44)-(45)], which is
decreasing in b since vy < vy — a.. This gives type 237 no incentive to bid in (by, bs].

Type 2. Type 2y plays a mixed strategy with support [b1, b3] and his payoff is vy — a — bs. If
instead he bids b € [vr, b1), then ua (b) = Ar(var —vr) ”g};fgb [in view of (43)], which is increasing
in b since vy > vyr. This gives type 2 no incentive to bid in [vr, by).

12.3.2 Step 2: For a small o > 0, we have vy < b; < by < b3

In the following we use A = vy —vg, >0 and t = %(’UH —wvpr) > 0. The values of by, be, b depend
on «, and therefore we write b (), ba(a),bs(c). When oo = 0 we obtain the symmetric setting,
with b1(0) = b2(0) = vg, + Ai‘ﬁf/\AM, b3(0) = vr, + (A + A + tAg)A. We investigate how by, b, b3
depend on «, for a small a > 0, by applying the implicit function theorem to (49)-(50) at a = 0,
by = by = v + /\’L\I_E/\AM; in this way we obtain ] (0), b5(0), b5(0). To this purpose we denote the left

hand sides of (49),(50) with f1 (b1, b2, @), fa(b1,be, @), respectively. Then we obtain

0 0 0
8_£ = (1—Ag)(vg —a —ba) — ALA, 8_2 = (1—Xg)(vpr —b1), 8_{)41 = (1—=Xg)(var —b1) — ALA
0 0 0
a—gf = —(1=2g)(ve — bo), 822 (1= Ag)(vg + by — 2b2) + A, 8_£2 — (o — bo)
We evaluate these derivatives at o = 0, by = by = v, + /\—%/\— and find
-1
b1 (0) o (AL + Am) At ALA 0
b5(0) — AL+t H ) A (AL + AL +tAn) A —TAEA
_ A AL
_ (AL+HAL M) (AL +FAr)
AgApt
(AL+tAL+tAar)?
; AL+ 2242 L AL+ 2

step we use b/ (0),b5(0),b5(0) to derive %

a=0

12.3.3 Step 3: Evaluation of %

a=0
We define G;(b) as ALGir(b) + ArGine(b) + AgGim(b) for i = 1,2, so that G(b) = G1(b)G2(b) is
the c.d.f. of the winning bid. In particular, from (40)-(45) we obtain

L+ A Grar (DAL + A Ganr (0)] = AL (Ar, + Apy) =t ta—tufo) if b e [vr, b ()
G) =3 [+ AuGiv(B)[AL + A + AuGam (b)) = (Ap + Anr) 2 70‘ ) oa=ile) it b e [y (), ba(a))
AL+ Aus + A Gra (O] + Ay + A Gap (b)] = 2Lo—teie) ”HUH'”’?,Q) if b € [ba(), bs()]
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Since

ba() ba()
— wGur) + / bdG(b) = bs(a) — / G(b)db
vy, vL
A vy —bi(a)

db

b1 ()
= bg(a)—/ )\L()\L+/\M)

vL

_/b2(a)(>\ L )UH—a—bg(oz)vM—bl(a)db_/b3(a) UH—a—bg(oz)vH—bg(oz)db
b1(a) g M vg —a—b vy — b ba(a) vgp—a—>b vg —b

vy —b vy —b

e The derivative of fbl(a) ALB(Ap + A )%‘X—)db with respect to « is

U{b

1 by (ax) 1
AL(AL 4+ Am)b () A —/ ————db
(AL m)by () [UM_bl w, (var —b)2 ]

Al

and at « = 0 it boils down to BNV VT v A

The derivative of be(a) M()\L + A )wdb with respect to « is

VH—Q
v —a—b vpr—bi (a v —a—bz(a)
()\ \ % H_b ( 3)5[1})1}{[ Aé bl(a)]b/( ) — vi — bg(a)b,( )
L+An) sz((a){ [1+b3 (a)][vM ba ()]0 (« )[vf abl;?(a)]}(vfg)za b)tlvr —a—bs(]lom —bi()] 4y
b1(a) v —b) (v —a—
and at a = 0 it boils down to %

The derivative of f ba(a) ”HLHO‘ ab3§) )”HUHb‘”‘( ) db with respect to « is

L on = ba(@)lon — bs(a)],
%50 o () fomr — ba(e)] 2

[ el o) =l Bhie]) o — =) s 0= oo = o)
b2 (a)

(UH — b)(UH — 0 — b)2

(ALHFA)2 2L (2= Ag) Op A0 )t+A2 +)\2 3OL M) 22420 (AL A )t+302

and at o = 0 it boils down to — Ay

, (AL+t>\L+t/\M)§ 2(AL AL+t )2
which is equal to Ay (3/\H_2)(A%—;((/>\LLTF/Z§IL)+§2/\)J;?;\L(/\L+/\M) !
Therefore
dRF PO A MO+ ) A3 =M\
da (AL +tAL + thyr)? (AL +tAp +tAp)? AL+ tAL + Ay

(1—3Xr — 3 ) (A2 + (1 — Ag)2t2) —4Ap (1 — M)t
2 (AL + tAL + thar)?
A (3Ag + 2 ) F A (1 — Ag) (AL +3(1 — Ag)t)t
2 (A + AL + thy)?

Ay
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d(RS—RF)

12.3.4 Step 4: ——— L >0
It is straightforward to see that
RS = Apvg + )\M)\L(UL + ya) + )\M()\M + /\H)UM + )\H/\L("UL + ya) + AgApom + )\%{(’UH — a)

= v+ ((1=A)? +tAN)A + (YA (1 — A1) — M%)

S_RF . .
and thus % = yAr(1 — Az) — A% The inequality d(Rd—aR) > 0 is equivalent to

a=0

M (3Ag +22r) F (1 = Ag) (AL +3(1 — Ag)t)t
2(Ap +tAp + t)\M)2

yAL(1 = A1) = A4 + Ay >0

A
a(1=Xg)?(t— 1,ALH 24227 A

2L+ L+HtA)?

A
For y = 0, the left hand side in this inequality is Ay , which is positive

and thus W > 0 for any y > 0.

a=0

12.4 Proof of Proposition 6(iv)

In this proof we use vr, vy, vy to denote the valuations of bidder 1 and vy + a, vy + o, vg + @ to
denote the valuations of bidder 2, for a small « > 0.

First we show that there exists a BNE in the FPA characterized by four bids b1, b2, b3, by such
that (1) vy < by < by < by < by; (ii) 1 bids vy, 137 and 1y play mixed strategies with support
[vp,be] for 1p; and [bg,by] for 1p; (iii) 2, 2p, 25 play mixed strategies with support [vg,bq]

for 27, [b1,bs] for 25, [b3,bs] for 2. Then we evaluate % B for this BNE and prove that
% o < % a—p- Thus RY < RS for a small a > 0.

12.4.1 Step 1: Characterization of the equilibrium mixed strategies

Given the supports for the mixed strategies described above, we obtain the following indifference
conditions for types 1a, 1, 21, 25, 2. We use G;; to denote the c.d.f. of the mixed strategy of
type ij, for i = 1,2 and j = L, M, H.

Type 1p:
(UM — b))\LGgL(b) = )\L(UM — bl) for any be [UL, bl] (51)
(UM — b)[)\L + )\MGQM(b)] = /\L(UM — bl) for any b€ (bl, bg] (52)

Type 15:
(vH — b)[)\L =+ )\MGQM(b)] = vy —>by for any be [bg, bg] (53)
(vir = B)[AL + Ay + AuGap(b)] = vy —bs for any b e (b3, byl (54)

Type 2r:
(v, + a = b)[A\p + AyGim (b)) = Ap(vp + @ —wvp) forany b€ [vg,bi] (55)
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Type 2:

(’UM-i-Oz—b)[)\L—i-)\MGlM(b)] = ()\L+)\M)(UM+a—b2) for any bE[bl,bQ] (56)
(v +a—=b) AL+ A+ AgGig(d)] = A+ Au)(vm +a—0bg) forany b e (be,bs] (57)
Type 2g:

(v + =D)AL + A + AgGig (b)) = vy +a — by for any b € [bs, b (58)

Equilibrium rules out mass points at any b > vy, thus each c.d.f. needs to be continuous at

bids larger than vy, and using (55)-(56) we find that Gias is continuous at b = by if and only if
ALa _ ()\L-ﬁ-)\]u)(UM—l-a—bz)

vp+a—b1 vy +a—by ; OF

Ara(vy +a—b1) = (AL + Au) (v + a —b2)(vp +a—by) (59)
Likewise, (57)-(58) reveal that Gig is continuous at b = bs if and only if (/\LH;)JI‘V{I)J&J‘{;B“*@) =
vH+a—I£4 or
vH+a—b3’

(A 4+ ) (v +a—ba)(vg + a—b3) = (v + o — b3) (v + o — by) (60)

£ AL(up—b1) _ vp—bs or

Likewise, (52)-(53) reveal that G2p/ is continuous at b = by if and only if =&t o=,

/\L(UM - bl)(’UH — bg) = (UH — b4)(’l)M — bg) (61)
Finally, Gap(b3) needs to be 0 and then (54) yields
b4:/\HUH+(/\L+)\M) b3 (62)

Inserting (62) into (59)-(61) we obtain three equations in the unknowns by, by, bs:

Ara(vpyy +a—b1) — (Ap + Ay)(opr +a—ba)(vp +a—b1) = 0 (63)
(AL + M) (v + = ba)(vg +a—b3) — (vpr +a—b3)((1 — Ag)(vg —b3) +a) = 0 (64)
)\L(UM —b1)<'UH—b2) — (>\L+>\M) (UH—bg) (UM—bQ) =0 (65)

The system of equations (62)-(65) characterizes the equilibrium values of by, by, b, by. In the next
step we prove that vy, < by < by < bg < by for a small @ > 0, and here we show that these
inequalities imply that no incentive to deviate exists for any type, that is the strategies we have
described constitute a BNE.

First notice that the range of bids submitted by bidder 1 and by bidder 2 is [vr, bs], thus for
no type it is profitable to deviate with a bid below vy, or above bs. Second, it is useful to take into
account fact (39).

Type 1;. Type 11 bids vz, with probability one, which gives him payoff zero. Since uir,(b) < 0 if
bids b € (vr, ba], he has no incentive to bid in (v, bs].
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Type 1. Type 1j plays a mixed strategy with support [vr,be] and his payoff is Ar,(vasr — b1).

If instead he bids b € (be, bg], then u1ps(b) = (vyg — b4)zlg:g [in view of (53) and (54)], which is

decreasing in b since vy < vy. This gives type 13 no incentive to bid in (be, by].

Type 1. Type 1y plays a mixed strategy with support [ba, bs] and his payoff is viy — by. If instead
he bids b € [vr, b2), then uig(b) = Ar(vas — b1) 74 j} [in view of (51) and (52)], which is increasing
in b since vy > vps. This gives type 1 no incentive to bid in [vr, ba).

Type 21. Type 2p, plays a mixed strategy with support [vr,b;1] and his payoff is Apa. If instead
he bids b € (by,bs], then usr(b) = (Az + Anr)(var + @ — by) 2= [in view of (56) and (57)],

vy +a—b
which is decreasing in b since vy, + a < vy + . Moreover, if 2, bids b € (bs, bs] then wuar(b) =

(vg +a— b4)3§i—g¢:(l)}’ which is decreasing in b since vy, + a < vy + «. Therefore type 2y has no

incentive to bid in (by, bal.

Type 2. Type 2) plays a mixed strategy with support [b1, bs] and his payoff is (A +Aas) (var+a—
ba). If instead he bids b € [vr, b1), then ugps(b) = )\Laszigjf [in view of (55)], which is increasing
in b since vy +a > v +a. Moreover, if 2); bids b € (bs, by] then ugps(b) = (UH+a—b4)%g:£ [in
view of (58)], which is decreasing in b since vy + a < vgy + . Therefore type 23, has no incentive

to bid in [vr, b1) or in (bs, bal.
Type 2. Type 2y plays a mixed strategy with support [bs, bs] and his payoff is vy + o — bg. If

instead he bids b € [vr, b1], then uapr (b) = Aot iz II)’ [in view of (55)], which is increasing in b since

v + a > vr, + a. Moreover, if 27 bids b € (b1, bs), then uopg(b) = (A, + Aar) (v + o — bg)%
[in view of (56) and (57)], which is increasing in b since vy + a > var + . Therefore type 25 has

no incentive to bid in [vy, b3).

12.4.2 Step 2: For a small o > 0, the inequalities vy < b; < b < b3 < by hold

In the following we use A = vy;—vp > 0and t = Z(UH var) > 0. The values of by, be, b3, by depend
on «, and therefore we write b1 (), ba(« ) b3( ), ba(a). When o = 0 we obtain the symmetric setting,
with b1(0) = vg, b2(0) = b3(0) = vg, + AL+>\M’ bs(0) = vr + (Ans + A +tAg)A. We investigate how
b1, be, b3, by depend on a, for a small « > 0, by applying the implicit function theorem to (63)-(65) at
a=0,b; =vg,by =b3 = vL+ﬁ%/\A—M; in this way we obtain ¥} (0), b5(0), b5(0), b, (0). To this purpose
we denote the left hand sides of (63),(64),(65) with fi(b1,be, b3, @), fa(b1, b2, b3, @), f3(b1, b2, b3, ),

respectively. Then we obtain

ofi 0f of1
b A+ (AL 4+ Aar)(var — b2), ab2 = (AL + ) (vp +a—by), b3 =0,
0 0 0

3—2 = —Am(om +2a = b1) = (AL + Awr) (v — b2), a—gf =0, a—gj = —(AL +An)(vm + o — b3),
0 0

ﬁ = (1—/\H)(UH+b2—263)+Oé ﬁ :bg—/\H(2a+UM)—(1—/\H)b2

Obs Oa

0 0

% _ —Ar(vmg — b2), Os _ —Ar(va —b1) + (AL + Anr) (ve — b3)

oby Oba

Ofs B Ofs _

Db = ()\L—i-)\M) (UM bg), % =0
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We evaluate these derivatives at o = 0, by = vp,, by = bg = v, + /\ A )\ and find
—1
b} (0) ALA 0 0 0
B0) | = — ) +t2 » — AL+t + ) A (AL 4 AL+ tAu) A — LA
_ ALQApHtAL+tAn)
b5(0) L/\LJN\LM M A t(A\p + ) A ALA 0
0
_ _ A2 \g
o AL+ Op AL +HtAnr)?
AL gt
(AL+HAL+tA)?
. AL+HFAM)ALA .
Using (62) we see that b(0) = % In next step we use b} (0), b5(0), 5(0), b4(0) to derive

% o However, b (0) does not reveal that b; > vr. To this purpose we differentiate (63) twice

with respect to a to obtain

Ap[2=bi ()] = (Ap+Aan){ b5 () [vr +a—bi()]+2[1 = by (@)][1 - ()] = 7 (@) [var + = Dba(a)]} = 0
(66)
Evaluating (66) at o = 0 yields (A + Aar)[var — b2(0)]67 (0) — 2Apr +2(A L + Aar)b5(0) = 0, and thus

b (0) = )\LLA()\M + O\LJF;\)?LL#W) > 0. As a consequence by () > vy, for a small o > 0.

. : dRF
12.4.3 Step 3: Evaluation of “7—

a=0
We define G;(b) as ALGir(b) + AGine(b) + AgGim(b) for i = 1,2, so that G(b) = G1(b)G2(b) is
the c.d.f. of the winning bid. In particular, from (51)-(58) we obtain

AL+ ArGrar (D)L Gar (b) = A 2 w—tule) if b e v, by (a))
Gy = 4 Pr MG OIAL + MrGan(0)] = (r + M) h RS Csl it b € [bi(a), bo(a)

L+ As + A Gra (0L + A Gan (b)] = (A, + Apy) el subila) i p ¢ [by(ar), bs(cv)

AL+ Mg + Mg G (DAL + Aag + Ay Gap (b)] = 2etazbuia) vu—bafe) if b e [b3(a), bs(a)]
Since

ba(a) ba(cx)
RF = wiGlon) + / bdG(b) = ba(a) — / G(b)db
UL, vL
b - /bﬂa) Moo —bi(@)] /bw) (AL + M)A [oar + o — ba()]foar — br(e)]
v, (oL +a—=0b)(vy —b) b1(a) (vpr + = b)(va —b)
B /bw) (AL +An)[var + = ba(a)][vm —ba(@)] ) /lu(a) [vr + @ = ba(@)][vn — ba(a)]
ba(a) (vm +a —b)(vg —b) bs(a) (vg + o —b)(vy — b)

we can use this expression to evaluate %

e The derivative of fle (@) )\%%%db with respect to « is

(vp+a—b)(v
9 « , ) Typr — by () — ab ()] (v, + a—b) — afvpr — b ()]
)\L(vL—l—a—bl(a)bl(Od)—i_/vL (vpr — b) (v + a— b)? db)

and at o = 0 it boils down to 0.
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e The derivative of (A\r, + A\yr)AL (( )) [ow z;?/[ f;(ag)]gm ?)1)( I gb with respect to « is

vy —br(a vy ta—ba(a
i 16(0) — B () >

vpr—b 2
(>\L+>\M)/\L< ba(ax) {[1—b'2(a)][vM—bl(oc)]—Zbgl(a)[vMﬁLa ba()]} (v +a=b)—[pmta—ba(]vm—bi(a)] 5
b1 () (var—b)(var+a—b)?

A?VI(AL-H»\L-H»\]W) —2>\3 >\H
2L +HAL+HtAN)?

and at o = 0 it boils down to

e The derivative of (AL + Ay) bs((a)) [oas a?w fi( g;[(vH I;S(O‘)] db with respect to « is

[vavr+a—ba(a)][vg —ba(a)] b/( ) . 'UH ba(a) b/( )
(AL+Anm) . oy Fa—bs(@)][on—bs(a “by(a) %2
fb3(a) 1 {lt=by()][ve —ba(a)]|~[varta—ba(a )}54(04)}(UM+a b)—[va +a—ba()][vm —ba()] 5
ba(a) vg— b (ont +a—b)2

(AL+Av)Am AL

and at o« = 0 it boils down to ST T

e The derivative of fbb“(f) v (+vaH fi( 2;[(212 %‘;(a)] db is

by(a)

() — [vg + a — b4(a)]FJH — by()]

[ve + a —b3(a)|[ve — bs(a)]

n /b4(°‘) {[vrr = ba()][L = 204()] — aby(@)} (v + @ = b) — [om + & = ba(@)][orr — ba(a)]
ba(a) (vg —b)(vg + o — b)?
P . AL AL4+Aa0)t | A2 (AL A —AL)? AL +An)2 2422
and at o = 0 it boils down to (/\12+Lt/\LL+tAM)2 2H(/\L+t/\L+t/\M)2 , which is equal to )\H—2(>\L+t>\L+t/\M)
Therefore
dRF AL+ A)AgAct Ay QA+t +An)? =203 AL+ ) AmAs
da | _ (AL +tAp + tAar)? 2(AL + AL + tAp)? AL+ AL + Ay
a=0
o QAP+
Ho(\L +tAr +tha)?
O+ O M) 12+ 200 (A + A) O = M)t = AF (1= Ap)”
2(Ap +tAr + t)\M)2
12.44 Step 4 L) 50
It is straightforward to see that
RS = Mpup + Audn(vn 4 a) + A + Ag)var + Mgz (vn + @) + g (v + @) + Mog

= v+ (A +2A1)2 + ALDA + AgAL + Adu + i)

and thus df = AgAL + Ar Ay + Ag Ay > 0. The inequality M > 0 is equivalent to

AEAL + ALAM + Ay +

a=0
A2+ N3 = Am)22 = 2201 = Ap)(ME = N3t + A3 (1 — Ap)?

>0
2(AL +tAL + t)\M)2

h\2 2
After suitable manipulations, the left hand side of this inequality is written as (I—ALMH —

2(AL+HtAL+tAnr )2

(1-23)(AL+Au

2 132 2 —A2 A2 (1-02 L. ...
AL (2N AL 1))]2 AL A (1A = Ajy) A ( L)], which is positive.

()\L-‘rt)\L—Ft)\Jw)Q(l—)\zL)
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