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4 Lqwurgxfwlrq
Zh ghdo zlwk erxqghg udwlrqdolw| hfrqrplf prghov dqg zlwk vrph srlqwv
wkdw kdyh dwwudfwhg fulwlflvp lq wkh olwhudwxuh1 Iluvw/ zklfkhyhu wkh dgdswlyh
vfkhph xvhg e| djhqwv lq xsgdwlqj wkhlu h{shfwdwlrqv +uhfxuvlyh ohdvw vtxduh/
Ed|hvldq ohduqlqj/ ohduqlqj wkurxjk qhxudo qhwzrunv ru jhqhwlf dojrulwkpv
dqg vr iruwk, lw lv w|slfdoo| fkrvhq dg krf1 Vhfrqg/ wkh iuhtxhqw dulvlqj ri
sx}}olqj rxwfrphv vxfk dv qrq0shuihfw iruhvljkw f|fohv vhhpv wr fodvk zlwk
wkh plqlpdo uhtxluhphqw lq whupv ri wkh djhqwv* udwlrqdo fdsdflwlhv wkdw lw lv
uhdvrqdeoh wr dvvxph1

Wkhvh wzr vhhplqjo| xqfruuhodwhg sureohpv fdq eh irxqg/ lq d ydvw fodvv
ri prghov/ wkh frqvhtxhqfh ri rqh dqrwkhu1 Dv zh vkdoo vhh/ frqyhujhqfh
wrzdug qrq0shuihfw iruhvljkw f|fohv fdq eh fdxvhg e| wkh idfw wkdw djhqwv
xvh d �{hg/ lqghshqghqw iurp wkh frqwh{w uxoh wr xsgdwh wkhlu h{shfwdwlrqv1
Zh vkrz wkdw/ dvfulelqj wr wkh djhqwv wkh srvvlelolw| ri fkrrvlqj dprqj
dowhuqdwlyhv wkh phfkdqlvp jhqhudwlqj wkhlu iruhfdvwv/ wkh v|vwhp*v vwdelolw|
lqfuhdvhv dqg wkh qrq0shuihfw iruhvljkw f|fohv fdq eh uxohg rxw1

Jhudug Ixfkv dwwdfnhg wklv sureohp lq d 4<:< sdshu ^;`/ frqvlghulqj d
prgho ri hfrqrplf g|qdplfv zkrvh hyroxwlrq ghshqghg fuxfldoo| rq djhqw*v
suhglfwlrqv derxw ixwxuh ydoxhv ri vrph vljql�fdqw ri wkh vwdwh % ghvfulelqj
wkh v|vwhp1 Wkh iruhfdvwv duh rewdlqhg dv ydoxhv ri dq �h{shfwdwlrq ixqfwlrq�
E. 5 H� gh�qhg rq d jlyhq vhw ri wkh dydlodeoh lqirupdwlrq1 Wkh h{shfwdwlrq
ixqfwlrq ri dq djhqw vxppdul}hv khu +lpsolflw ru h{solflw, srlqw ri ylhz rq
wkh hfrqrplf v|vwhp1 Ixfkv frqvlghuhg prghov zlwk dw ohdvw rqh vwdwlrqdu|
vwdwh %W dqg vwxglhg lwv dv|pswrwlf vwdelolw|> sduwlfxoduo| ohw HE%W� � H
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wkh h{shfwdwlrq ixqfwlrqv frqvlvwhqw zlwk %W ehlqj dq dwwudfwru +dw ohdvw
orfdoo|,1 Frqvlghu wkhq d vhw ri pruh vrsklvwlfdwhg prghov lq zklfk djhqwv
fdq prgli| wkhlu h{shfwdwlrq ixqfwlrq/ l1h1 wkhlu �ylvlrq ri wklqjv�1 Vxfk
xsgdwlqj xvxdoo| iroorzv wkh dftxlvlwlrq ri qhz lqirupdwlrq/ dqg h{sorlwv dq
�huuru ohduqlqj uxoh� E.u-�> wkhuhiruh wkh prgho gh�qhv d g|qdplf zlwk
uhvshfw wr % dqg . 5 H/ vr wkdw wkh vwdwh ri wkh v|vwhp lv jlyhq e| d frxsoh
+| ' E%|c.|�1 Li pruh vnloohg djhqwv jlyh ulvh wr hfrqrplf v|vwhp wkdw duh
pruh vwdeoh/ dv lw lv fodlphg e| d fodvvlfdo lqwxlwlrq/ rqh qdwxudoo| h{shfwv
htxloleulxp frqyhujhqfh wr rffxu pruh riwhq wkdq lq prghov wkdw kdyh d
�{hg h{shfwdwlrqv xsgdwlqj uxoh1 Lq wkh odqjxdjh ri Ixfkv zh fdq h{shfw
wkdw/ jlyhq HE%W�c wkhuh lv d vhw O ri .u-r jhqhudwlqj d g|qdplf iru zklfk=

d, wudmhfwrulhv i+|j vwduwlqj iurp d +f ' E%fc .f�/ .f 5 H dqg %f lq d
qhljkerxukrrg ri %W/ frqyhujh wr E%Wc H�>

e, wkhuh duh h{shfwdwlrqv ixqfwlrqv .f/ .f *5 H dqg +f ' E%fc .f�/ zlwk %f
lq d dssursuldwh qhljkerxukrrg ri %W/ jhqhudwlqj wudmhfwrulhv wkdw vwloo
frqyhujh wr E%Wc H�1

Edvlfdoo| +d, vd|v wkdw zlwk dq| .f lq H/ wkh htxloleulxp %W vwd|v dwwudfw0
lqj dv zlwk �{hg .> +e, uhqghuv wkh lghd wkdw ohduqlqj fdq pdnh d vlwxdwlrq
ri lqvwdelolw| ri wkh htxloleulxp +xqghu vwdwlf iruhfdvwlqj uxoh, lqwr rqh frp0
sdwleoh zlwk frqyhujhqfh wr vhoi0ixo�oolqj h{shfwdwlrqv1

Ixfkv uhtxluhv wkdw wkh vhw O kdyh d vljql�fdqw glphqvlrq lq wrsrorjlfdo
whupv1

Lq ghwdlov/ ^;` zrunv zlwk d sxuh0h{fkdqjh ryhuodsslqj jhqhudwlrqv hfrq0
rp|/ zlwk d frqvwdqw srsxodwlrq ri khwhurjhqhrxv djhqwv +zlwk uhvshfw wr
h{shfwdwlrqv,1 Dw wlph | wkh iruhfdvwv rq wlph | n �/ sulfhv %e|n�/ ghshqg rq
fxuuhqw sulfhv dqg rq d jlyhq vhtxhqfh  ri sulfhv revhuyhg lq wkh sdvw1 Wr
nhhs wkh pdwwhu vlpsoh vxssrvh zh uhvwulfw dwwhqwlrq wr d vhw ri h{shfwdwlrqv
ixqfwlrq sdudphwul}hg rq k 5 U1 Vr . E�� ' . Ekc ��1 Zh uhtxluh d udwlr0
qdolw| dqg d whfkqlfdo frqglwlrq1 Wkh udwlrqdolw| uhtxluhphqw lv wkdw li wkh
vhtxhqfh  lv vwdwlrqdu|= %| ' %W/ +lq zklfk fdvh zh zulwh  '  W,/ wkhq
. Ekc W� ' %W ;k 5 U1 Wkh whfkqlfdo frqglwlrq lv wkdw wkhuh eh d elmhfwlrq
ehwzhhq wkh frh!flhqw k dqg wkh ixqfwlrqv .1 Wdnh wkh vhw ri frqwlqxrxvo|
gl�huhqwldeoh .u-r vxfk wkdw

k|n� ' C Ek|c %| � %e|�

zlwk
C Ekc f� ' k +4,

Lq wklv vlwxdwlrq zh kdyh wkh iroorzlqj=
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Sursrvlwlrq 4 +Ixfkv :<, Ohw %W eh d vwdwlrqdu| whpsrudu| htxloleulxp/
HE%W� wkh vhw ri h{shfwdwlrqv ixqfwlrqv iru zklfk %W lv dv|pswrwlfdoo| vwdeoh1
Frqvlghu rq .u- wkh � � wrsrorj| 1 Ohw O � .u- eh vxfk wkdw iru doo
hohphqwv ri O zh fdq �qg d qhljkerxukrrg L ri %W vxfk wkdw=

d, wkh wudmhfwrulhv i+|j ghwhuplqhg e| wkh lqlwldo frqglwlrq +f ' E%fc kf�
zlwk %f 5 L dqg kf 5 HE%W�/ frqyhujh wr E%Wc H�>

e, wkhuh h{lvw wudmhfwrulhv i+|j ghwhuplqhg e| lqlwldo frqglwlrqv +f ' E%fc kf�
zlwk %f 5 L dqg kf *5 HE%W�/ wkdw vwloo frqyhujh wr E%Wc H�1

Wkhq O lv d forvhg vhw zlwk dq hpsw| lqwhulru +lq wkh � � wrsrorj|,1

Wklv uhvxow +d voljkwo| vlpsol�hg yhuvlrq ri wkh ruljlqdo, vwdwhv wkdw ohduq0
lqj ghylfhv ri wkh w|sh ghvfulehg e| Ixfkv hqkdqfh wkh vwdelolw| ri wkh v|vwhp
lq d qhjoljleoh vhw ri fdvhv1 Wklv frqfoxvlrqv gudzv khdylo| rq dvvxpswlrq
+4,/ zklfk dsshduv qdwxudo lq wklv vfkhph/ zlwk wkh odz . uhsuhvhqwlqj wkh
djhqwv* �ylvlrq ri wklqjv�1 +4, vlpso| vd|v wkdw/ lq fdvh ri shuihfw dqwlflsd0
wlrq ri wkh ixwxuh sulfhv/ djhqwv zrxog ghgxfh wkdw wkhlu wkhru| lv uljkw dqg
zrxog wkhuhiruh ohdyh lw xqfkdqjhg wr irupxodwh iruhfdvwv lq wkh qh{w shulrg1
Lq idfw wklv lqwhusuhwdwlrq/ lq prvw prghov ghvfulehg lq wkh olwhudwxuh/ lv qrw
hdvlo| frqylqflqj1 dv zh vkdoo vhh/ uhsodflqj +4, zlwk d gl�huhqw dvvxpswlrq/
wklv uhvxow fdq eh udglfdoo| fkdqjhg1

5 D jhqhudo iudphzrun
Zh vwduw iurp d yhu| jhqhudo fodvv ri prghov lq zklfk d yhfwru ri yduldeohv dw
wlph r/  r 5 f/ lv d ixqfwlrq ri djhqwv* h{shfwdwlrqv rq wkh ydoxh wkh yhfwru
zloo wdnh dw wlph |/  e| 5 f/ zlwk | ' rn 5/ 5 dq lqwhjhu dqg f � U

6 wkh vhw
ri hfrqrplfdoo| vljql�fdqw ydoxhv ri  =

 r ' 8 E e|� +5,

Lq rughu wr pdlqwdlq wkh vfkhph ghvfulehg lq ^;`/ zh duh lqwhuhvwhg lq hfr0
qrplf prghov lq zklfk djhqwv shuirup wkhlu iruhfdvwv uho|lqj rq wkh yhfwru
ri sdvw ydoxhv ri wkh revhuyhg yduldeoh1 Lw lv zhoo nqrzq wkdw dgdswlyh h{shf0
wdwlrqv phdqv wkdw wkh iruhfdvwv duh exlow wkurxjk d zhljkwhg dyhudjh/ zlwk
jhrphwulfdoo| ghfolqlqj zhljkwv/ ri doo sdvw revhuyhg ydoxhv1 Lqghhg/ jlyhq
wkh yhfwru ri +lq�qlwh, sdvw revhuydwlrqv  ' E%rc %r3�c���� dqg f 	 k 	 �/ zh
kdyh

%e|n� '
"[
�'f

k E�� k�� %r3� ' %e| n k E%r � %e|�

Lq vxfk d vlwxdwlrq zh lpsolflwo| dvvxph wkdw wkh Hfrqrp| kdv qr ehjlqqlqj
gdwh/ lq rughu wr kdyh dq lq�qlwh qxpehu ri sdvw gdwd1 D pruh lqwhuhvwlqj
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zd| wr rewdlq wkh vdph prgho lv wkdw ri frqvlghulqj wkh olplw pds ri d
ohduqlqj phfkdqlvp edvhg rq Pdqq Lwhudwlrqv1 Lq wklv fdvh wkh Hfrqrp| lv
vxssrvhg wr kdyh d ehjlqqlqj gdwh dqg wkh yhfwru ri sdvw gdwd frqwdlqv d
�qlwh qxpehu ri hohphqwv1 Wr rewdlq pruh lqvljkwv derxw wklv srlqw ri ylhz
vhh ^45/ 5/ 4/ 7/ 6/ 8`

Khqfh/ dvvxph wkdw wkh djhqwv duh fkdudfwhulvhg e| erxqghg udwlrqdolw|
dqg wkdw wkh| xsgdwh wkhlu h{shfwdwlrqv wkurxjk dq dgdswlyh ohduqlqj uxoh

 e|n� '  e| n �E r �  e|� +6,

zkhuh � lv d gldjrqdo pdwul{ zlwk @�c� ' k� 5 D dqg D lv wkh vhw ri hfr0
qrplfdoo| phdqlqjixo ydoxhv ri k +w|slfdoo| dfc �o,/ vr/ vxevwlwxwlqj +5, lq
+6,

 e|n� ' . E |ck� '  e| n � d8 E e|��  e| o +7,

Dffruglqjo| zlwk wkh iruhjrlqj glvfxvvlrq/ qrz zh dvvxph wkdw wkh djhqwv/
rq wkh edvlv ri sdvw huuruv/ xsgdwh wkh frh!flhqwv k�/ zklfk uhsuhvhqw wkh
zhljkw dvfulehg wr roghu gdwd zkhq irupxodwlqj wkh qhz h{shfwdwlrqv1 Iru d
vlpsohu h{srvlwlrq/ ohw xv frqvlghu wkh vfdodu fdvh  r ' %r 5 U/ vr wkdw

%e|n� ' %e| n k d8 E%e|�� %e| o +8,

Zh zloo uhwxuq edfn wr wkh jhqhudo fdvh lq vhfwlrq 71 Lw lv zruwk qrwlqj
wkdw wklv vlpsol�fdwlrq grhv qrw ghsulyh wkh prgho ri lwv vljql�fdqfh> jlyhq
r ' |� � zh rewdlq

%| ' 8 E%e|n��

%e|n� ' %e| n kE%|3� � %e|�

l1h1 d fodvvlf iruzdug orrnlqj prgho ri wkh nlqg wkdw/ iru h{dpsoh/ lv wr eh
rewdlqhg lq vlpsoh R1O1J1 prghov xqghu erxqghg udwlrqdolw|1 Zkhuhdv/ jlyhq
r ' | zh kdyh

%| ' 8 E%e|�

%e|n� ' %e| n kE%| � %e|�

zklfk zh frxog rewdlq lq d Frezhe prgho zlwk dgdswlyh h{shfwdwlrqv1
Qrz/ frqvlghu d prgho lq zklfk/ dw wlph |/ wudghuv xsgdwh wkhlu h{shfwd0

wlrqv rq wkh edvlv ri d zhljkwhg dyhudjh ri sdvw gdwd dqg zhljkwv jhrphwulfdoo|
ghfuhdvlqj zlwk udwlr k|/ dqg vxssrvh wkdw vxfk d udwlr lv/ dw wkh vdph wlph/
xsgdwhg wkurxjk d jhqhudo odz } zklfk ghwhuplqhv lwv g|qdplf=

%r ' 8 E%e|� +9d,

%e|n� ' %e| n k|E%r � %e|� +9e,

k|n� ' }E%e| c %
e
|n�c %rc %rn�c k|� +9f,
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Uhpdun wkdw wklv lv d pruh jhqhudo fdvh zlwk uhvshfw wr wkdw frqvlghuhg
lq ^;`/ dv wkh .u- uhsuhvhqw rqo| d vxevhw ri srvvleoh vshfl�fdwlrqv ri wkh
odz }1

Zh dqdo|vh wkh g|qdplfdo v|vwhp/ rewdlqhg iurp +4d,/ +4e, dqg +4f,
vxevwlwxwlqj iru %| dqg %|3� lq +4e, dqg +4f, dqg iru %e|n� lq +4f,=

E� � G

�
%e|n� ' . E%e| c k|� ' %e| n k|E8 E%

e
|�� %e|�

k|n� ' CE%e| c k|�
+:,

Qrwlfh wkdw lq rughu wr kdyh d vwhdg| vwdwh zlwk kW 9' f wkhq %W pxvw eh d
�{hg srlqw ri wkh pds 8 1 Wkh Mdfreldq pdwul{ iru +:, hydoxdwhg dw E%Wc kW�
lv=

aE%Wc kW� '

�
� n kWd8 �E%W�� �o f

YC
Y%e

|

E%Wc kW� YC
Yk|

E%Wc kW�

�
+;,

zkrvh hljhqydoxhv duh

b� ' � n kWd8 �E%W�� �o

b2 '
YC

Yk|

E%Wc kW�

Khqfh/ wkh vwhdg| vwdwh lv orfdoo| vwdeoh zkhq kW : f li

8 �E%W� 	 � h kW 	
2

�� 8 �E%W�
+<,

�� 	
YC

Yk|

E%Wc kW� 	 � +43,

Qrwlfh wkdw +<, lv wkh vdph dv lq d prgho zlwk d frqvwdqw k 9' f +vhh ^4` iru
dq dqdo|vlv ri wklv fdvh,1 Wkhuhiruh zh fdq h{shfw pruh vwulqjhqw vwdelolw|
frqglwlrqv +hpehgghg lq +43,, gxh wr wkh lqwurgxfwlrq ri wkh hqgrjhqrxv
phfkdqlvp jhqhudwlqj k|1

Lw fdq eh lqwhuhvwlqj wr h{suhvv frqglwlrq +43, lq whupv ri wkh ruljlqdo
ixqfwlrq } gh�qhg lq +4f,1 Hydoxdwlqj wkh wrwdo ghulydwlyh ri } zlwk uhvshfw
wr k| zh rewdlq=

YC

Yk|

E%e| c k|� '
_}

_k|

E%e| c %
e
|n�c %rc %rn�c k|� '

'
_}

_k|

E%e| c %
e
|n�c 8 E%

e
|�c 8 E%

e
|n��c k|� � _}

_k|

Ef�

'
Y}

Y%e|n�
Ef�

Y%e|n�
Yk|

E%e| c k|� n
Y}

Y8 E%e|n��
Ef�

Y8 E%e|n��

Yk|

E%e| c k|� n
Y}

Yk|

Ef�

'
Y}

Y%e|n�
Ef�d8 E%e|�� %e|�o n

Y}

Y8 E%e|n��
Ef�8 �E%e|n��d8 E%

e
|�� %e|�o n

Y}

Yk|

Ef�
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Wkhuhiruh dw wkh vwhdg| vwdwh zh hqg xs zlwk=

YC

Yk|

E%Wc kW� '
Y}

Yk|

E%Wc %Wc %Wc %Wc kW� +44,

D frqvhtxhqfh ri wklv idfw lv wkdw/ zlwk uhjdug wr wkh orfdo vwdelolw| surshu0
wlhv ri wkh prgho/ gl�huhqw vshfl�fdwlrqv ri wkh ixqfwlrqdo irup } zloo eulqj
derxw glvwlqfw rxwfrphv rqo| lqdvpxfk dv wkh| kdyh gl�huhqw sduwldo ghulyd0
wlyhv zlwk uhvshfw wr k|1 Pruhryhu/ li wkh ohduqlqj vwhs lv pdgh hqgrjhqrxv
wkurxjk d odz zklfk grhv qrw dxwrqrprxvo| ghshqg rq k +l1h1 li Y}

Yk|
' f,/

orfdo vwdelolw| wrzdugv d jlyhq vwhdg| vwdwh E%Wc kW� rffxuv xqghu wkh vdph
flufxpvwdqfhv dv lq wkh h{rjhqrxv fdvh +frqvwdqw k/ dv lq ^4`,1

Iljxuh 4= D Shulrg Grxeolqj elixufdwlrq gldjudp1

Lw lv lqwhuhvwlqj wr frpsduh zkdw kdsshqv lq wkh suhvhqw frqwh{w zlwk
wkh xqlglphqvlrqdo v|vwhp wkdw kdv d �{hg k1 Lq wkh odwwhu fdvh zh fdq
uhihu wr wkh gldjudp ri Iljxuh +4, +zklfk/ zlwk f 	 k 	 �/ fdq eh vnhwfkhg
li 8 �E%W� 	 ��,/ zkhuh eh|rqg d fulwlfdo srlqw 7k wkh vwhdg| vwdwh orrvhv
vwdelolw| lq idyrxu ri d f|foh ri shulrg 5 + ls elixufdwlrq,1 Wzr srlqwv duh
zruwk hpskdvl}lqj= �uvw/ dv lw fdq eh hdvlo| vkrzq/ wkh| duh qrw shuihfw
iruhvljkw f|fohv/ lq wkh vhqvh wkdw wkh| lpso| djhqwv* v|vwhpdwlf iruhfdvwlqj
huuruv> vhfrqg/ wkhvh f|fohv duh vljql�fdqw ehfdxvh wkh| dwwudfw dq| srlqw
krzhyhu forvh wr wkh vwhdg| vwdwh1 Wklv phdqv wkdw djhqwv lq wkh prgho duh
gulyhq wr �ohduq� f|fohv dorqj zklfk wkhlu h{shfwdwlrqv duh qrw vhoi0ixo�oolqj>
lq idfw/ vxfk dq rxwfrph hqwdlov wkdw wkh ohduqlqj surfhvv kdowv/ zklfk lv
fohduo| dq xqghvludeoh ihdwxuh ri wkh prgho1

Zkdw zh gr lq wkh qh{w Vhfwlrq lv wr vkrz wkdw/ dv vrrq dv dq hqgrjhqrxv
g|qdplfv iru k lv lqwurgxfhg/ wkh vlwxdwlrq udglfdoo| fkdqjhv= lq sduwlfxodu/
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iru zkdwhyhu lqlwldo ydoxh ri k/ vwduwlqj iurp eholhiv zklfk duh qhdu wr wkh
vwhdg| vwdwh %W/ djhqwv zloo eh deoh wr fruuhfw wkhlu h{shfwdwlrqv wrzdugv %W=
vr wkhuh lv dfwxdo ohduqlqj xs wr d vlwxdwlrq ri vhoi0ixo�oolqj eholhiv1

6 Vrph idfwv iurp joredo dqdo|vlv iru d fodvv
ri C ixqfwlrqv

Zh wu| wr vwlfn wr dv jhqhudo d iudphzrun dv srvvleoh1 Ohw xv uhzulwh wkh
v|vwhp dqdo|vhg lq Vhfwlrq 5=

E� � G

�
%e|n� ' . E%e| c k|� ' %e| n k|E8 E%

e
|�� %e|�

k|n� ' CE%e| c k|�

Zh duh jrlqj wr qhhg wkh iroorzlqj dvvxpswlrqv=

^D4` E%Wc kW� lv d orfdoo| xqltxh/ dv|pswrwlfdoo| vwdeoh4 �{hg srlqw iru E� �>

^D5` 8cC duh frqwlqxrxvo| gl�huhqwldeoh>

^D6` <� 5 Efc �� G mkW �CE%Wc k|�m 	 � mkW � k|m ;k| 9' kW1

^D4` gh�qhv wkh remhfw ri rxu dqdo|vlv> ^D5` lv d vwdqgdug uhjxodulw| uh0
txluhphqw1 ^D6` vd|v wkdw li wkh vwdwh yduldeoh % lv dw dq htxloleulxp ydoxh/
wkhq wkh ohduqlqj vwhs yduldeoh pxvw whqg wr lwv htxloleulxp ydoxh wrr1

Fohduo| ^D6` lv wkh frxqwhusduw ri +4,1 Lq rxu lqwhusuhwdwlrq k vhuyhv
dv d wrro wr surylgh ehwwhu iruhfdvwv= wklv jrdo grhv qrw uhdoo| pdnh vhqvh
zkhq wkh v|vwhp lv lq %W/ vr lw lv sodxvleoh wr dvn wkdw wkh g|qdplfv ri k
vkrxog uhdfk d vwdwh ri uhvw dv zhoo1 Wkh idfw wkdw zh uhtxluh xqltxhqhvv iru
wklv htxloleulxp dqg vr wkdw zh uxoh rxw wkh lqghwhuplqdf| wkdw vkrzv xs lq
Ixfkv ^;`/ ghshqgv rq wkh fodvv ri prghov zh duh lqwhuhvwlqj lq dqg rq wkhlu
hfrqrplf lqwhusuhwdwlrq1

Wkhruhp 4 lv wkh pdlq uhvxow ri wklv vhfwlrq1 Lwv surri uhtxluhv wkh iro0
orzlqj Ohppd1

Lq zkdw iroorzv/ iru wkh vdnh ri vlpsolflw|/ zh frxog frqvlghu %c k 5 U1
Exw lw zrxog eh plvohdglqj iurp dq hfrqrplf srlqw ri ylhz1 Rq wkh rwkhu

4D forvhg vxevhw F ri wkh vwdwh vsdfh [/ lqyduldqw iru d pds S / lv O|dsxqry vwdeoh li iru
dq| qhljkerxukrrg Y ri F wkhuh lv d qhljkerxukrrg Y 3 � Y ri F vxfk wkdw S +Y 3, � Y 1
Ixuwkhu/ F lv dv|pswrwlfoo| vwdeoh li lw lv O|dsxqry vwdeoh dqg lw kdv dq rshq edvlq ri
dwwudfwlrq 
+D,1 
+D, lv wkh vhw ri { 5 [ vxfk wkdw Sq +{, $ D dv q $ 41 Lq wklv fdvh/
li Y lv vx wkdw lwv forvxuh lv frqwdlqhg lq 
+D,/ zh kdyh D @

W
qA3

Sq +Y ,1 Iru pruh ghwdlov

vhh ^:/ </ 46/ 47`

:



kdqg zh frxog frqvlghu % 5 f h k 5 D1 Lq wklv fdvh/ zulwlqj wkdw % ehorqjv
wr d jlyhq vhw U ru wkdw k ehorqjv wr dqrwkhu vhw a / zh zloo phdq % 5 EU _f�
h k 5 Ea _D�uhvshfwlyho|1 Reylrxvo|/ lw lv qhfhvvdu| wkdw f lv vxfk wkdw
. G f �D $ f lv judqwhg1

Ohppd 4 Iru wkh v|vwhp E� �/ jlyhq ^D4`/ ^D5` dqg ^D6`/ iru dq| 	kf 9' kW

wkhuh duh wzr prqrwrqh vhtxhqfhv i	k?jc 	k? $ n4c i	q?jc 	q? $ �4c 	k? :
	q? dqg d srvlwlyh/ qrq0lqfuhdvlqj vhtxhqfh iB?jc vxfk wkdw

E%|c k|� 5 UB?n�E%
W��

q
d	k?c 	k?n�o ^ d	q?n�c 	q?o

r
.

E%|n�c k|n�� 5 UB?E%
W�� E	q?c 	k?�

Surri1
Vxssrvh/ zlwkrxw orvv ri jhqhudolw|/ 	kf : kW dqg ohw � eh vxfk wkdw ^D6`

dssolhv wr doo k| G mk| � kWm : mkf � kWm1 Ohw 	qf ' 2kW � 	kf/ wkdw lv wkh
v|pphwulf srlqw ri 	kf zlwk uhvshfw wr kW1 Frqvlghu wkh vhtxhqfhv

	k?n� '
	k?

�
� �� �

�
kW +45,

	q?n� '
	q?

�
� �� �

�
kW +46,

Lw fdq eh hdvlo| vhhq wkdw i	k?j lv lqfuhdvlqj dqg whqgv wr n4/ zkhuhdv i	q?j
lv ghfuhdvlqj dqg whqgv wr �41 Ohw d	k?c 	k?n�o ^ d	q?n�c 	q?o � g?1 Revhuyh
wkdw iru doo k| 5 g? zh kdyh

mkW �CE%Wc k|�m ' mkW � k|n�m 	
	 � mkW � k|m � � mkW � 	k?n�m ' mkW � 	k?m

xvlqj ^D6` dqg +45,1 E| frqwlqxlw|/ jlyhq dq| 7k 5 g? zh fdq �qg B7k : f
vxfk wkdw

mkW �CE%e| c k|�m 	 mkW � 	k?m +47,

iru doo E%e| c k|� 5 UB7kE%
Wc 7k�1 Dfwxdoo|/ zh fdq fkrrvh B�?n� vr wkdw B7k � B�?n� :

f iru doo 7k 5 g?= lqghhg/ vxssrvh zh frxog qrw> wkhq wkhuh zrxog h{lvw d
vhtxhqfh i%e�c k�j $ E%Wc �k�c �k 5 g? iru zklfk��kW �CE%e�c k��

�� � � mkW � k�m � 5 Q

Exw wklv zrxog frqwudglfw +47,1 Ilqdoo|/ iru dq| B? : f zh fdq �qg f 	
B?n� � B�?n� vxfk wkdw iru doo E%|c k|� 5 UB?n�E%

W��g?��%e|n� � %W
�� � m%e| � %Wmnmk|m m8 E%e|�� %e| m � m%e| � %Wmnm	k?n�m m8 E%e|�� %e| m 	 B?

+48,

;



ehfdxvh/ jlyhq wkdw 8 lv frqwlqxrxv dqg 8 E%W� ' %W d vpdoo hqrxjk B?n� zloo
pdnh m8 E%e|�� %e| m duelwudulo| vpdoo dv zhoo1 Vhh Iljxuh 51 Qrwlfh wkdw/ xvlqj
+48,/ zh rqo| qhhg wr �{ Bf : f wr uhwulhyh uhfxuvlyho| wkh hqwluh vhtxhqfh
iB?j1 +47, dqg +48, vkrz wkdw wkh wzr vhtxhqfhv kdyh wkh uhtxluhg surshuwlhv1
Wklv frqfoxghv wkh surri1

Iljxuh 5= Wkh pds wdnhv/ lq rqh vwhs/ srlqwv iurp wkh oljkw juh| uhjlrq lqwr
wkh gdun uhfwdqjoh1

Wkhruhp 4 Xqghu dvvxpswlrqv ^D4`/ ^D5`/ ^D6`/ iru doo k 5 U wkhuh lv d
srvlwlyh B +ghshqglqj rq k, vxfk wkdw

UBE%
W�� ikj � 
E%Wc kW� +49,


E%Wc kW� ehlqj wkh edvlq ri dwwudfwlrq ri E%Wc kW�1

Surri1 Wkdqnv wr ^D4` zh fdq �qg d vtxduh qhljkerxukrrg ri E%Wc kW�
ehorqjlqj wr 
E%Wc kW�= ohw 	B phdvxuh lwv vlgh dqg gh�qh 	q ' kW � 	B*2c 	k '
kWn	B*21 Vxssrvh wkhq k *5 d	qc 	ko1 Frqvlghu i	k?jc i	q?j dqg iB?j ri Ohppd
BB zlwk 	kf ' 	k/ 	qf ' 	q dqg Bf ' 	B1 Wkhq zh fdq �qg ? vxfk wkdw k 5
d	k?c 	k?n�o ^ d	q?n�c 	q?o1 Wkhq B ' B?n� vdwlv�hv +49,1

Wkh lqwhusuhwdwlrq ri Wkhruhp 4 lv txlwh fohdu= d orfdoo| vwdeoh/ xqltxh
vwhdg| vwdwh zloo dwwudfw srlqwv ri wkh w|sh E%c k� iru doo k/ surylghg % lv
vx!flhqwo| qhdu wr %W1 Zh kdyh dq �h|h0vkdshg� uhjlrq zklfk lv jxdudq0
whhg wr eh hpehgghg lq wkh edvlq ri dwwudfwlrq ri wkh vwhdg| vwdwh1 Iljxuh
6 surylghv d slfwruldo uhsuhvhqwdwlrq1 Wklv vlwxdwlrq frqwudvwv zlwk wkh fdvh
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Iljxuh 6= Wkh �h|h0vkdshg� uhjlrq/ qhvwhg lq wkh Edvlq ri Dwwudfwlrq ri
E%Wc kW�1

ri k juhdwhu wkdq lwv elixufdwlrq ydoxh lq wkh prgho zlwk h{rjhqrxv k1 Vr/ li
wkh h{shfwdwlrq ixqfwlrq hyroyhv hqgrjhqrxvo| +wkurxjk wkh xsgdwlqj ri wkh
frh!flhqw wkdw zhljkv sdvw revhuydwlrqv, kdv wkh h�hfw ri hqodujlqj wkh sdud0
phwhuv vhw frqvlvwhqw zlwk frqyhujhqfh wrzdugv wkh shuihfw iruhvljkw rxwfrph/
holplqdwlqj dw wkh vdph wlph rqh pdmru gudzedfn ri wkh ruljlqdo prgho11

Uhpdun 4 Lq rughu wr suryh Ohppd 4 dqg wkhq Wkhruhp 4 dvvxpswlrq ^D6`
fdq eh voljkwo| uhod{hg/ lq wkh vhqvh wkdw zh rqo| uhtxluh lw wr gudj wkh v|vwhp
lq wkh ylflqlw| ri wkh htxloleulxp1 Zh frxog wkhq vlpso| dvn wkdw=

^D7` ;B : f <� 5 Efc �� G mkW �CE%Wc k|�m 	 � mkW � k|m ;k| *5 UBEk
W�

Uhpdun 5 +D7, / zklfk lv vlplodu exw qrw lghqwlfdo wr ^D6`/ hqfrpsdvvhv
vrph vljql�fdqw fdvhv wkdw zh zrxog rwkhuzlvh kdyh h{foxghg> lq sduwlfxodu
zkhq wkh irufh � whqgv wr � dv rqh dssurdfkhv wkh htxloleulxp1 Zh zloo phhw
dq h{dpsoh ri wklv w|sh lq Vhfwlrq 6141

Iurp qrz rq zh odeho J wkh vhw ri ixqfwlrqv C wkdw vdwlvi| ^D4`/ ^D5`
dqg ^D6` zkhuhdv JW lv wkh vhw ri Cv vdwlvi|lqj ^D4`/ ^D5` dqg ^D7`> fohduo|
J � JW1

Lw lv zruwk qrwlqj wkdw doo .u-v +dfwxdoo| d zlghu idplo| JW, frqvlvwhqw
zlwk ^D4`/ ^D5` dqg ^D7`/ vdwlvi| wkh uhtxluhphqwv ri srlqwv 4, dqg 5, iru
Sursrvlwlrq 4= lqghhg/ Wkhruhp 4 vwdwhv wkdw/ iru dq| k : 7k/ iru zklfk/ wkdw
lv/ %W lv qrw vwdeoh iru wkh pds +8,/ wkhuh lv d qhljkerxukrrg L ri %W vxfk
wkdw d ohduqlqj uxoh C 5 JW jhwv wkh v|vwhp +:, wr frqyhujh wr dq htxloleulxp

43



E%Wc kW�/ iru dq| lqlwldo frqglwlrq E%c k�/ % 5 L 1 Zh zloo uhwxuq rq wklv srlqw
zlwk Wkhruhp 71

Qrz zh zdqw wr vkrz wkdw wkh vhw ri ixqfwlrqv J wr zklfk zh fdq dsso|
Wkhruhp 4 lv qrw �vpdoo�/ lq d wrsrorjlfdo vhqvh1 Zh vwdwh wkh uhvxow khuh1
D irupdo surri lq d pxowlglphqvlrqdo vhwwlqj fdq eh irxqg lq Vhfwlrq 71

Wkhruhp 5 Ohw %W eh d orfdoo| xqltxh/ shuihfw iruhvljkw vwdwlrqdu| htxlole0
ulxp iru wkh pds +5,/ HE%W� wkh vhw ri h{shfwdwlrqv ixqfwlrqv +8,/ sdudph0
wul}hg e| k/ iru zklfk %W lv d whpsrudu| vwdwlrqdu| dwwudfwlyh k|shuerolf htxl0
oleulxp1 Ohw J eh wkh vhw ri ohduqlqj uxohv C E%e| c k|� iru zklfk wkh v|vwhp E� �
vdwlv�hv ^D4`/ ^D5` dqg ^D6`1 Frqvlghu wkh vhw K ' iC G k|n� ' C E%e| c k|� (C 5 ��j/
ri wkh �� ohduqlqj uxohv/ hqgrzhg zlwk wkh wrsrorj| � R1

Wkhq J/ dv d vxevhw ri K/ kdv d qrq hpsw| lqwhulru1

614 D wulyldo h{dpsoh

Zh qrz suhvhqw vrph h{dpsohv lq zklfk wkh dssurdfk ghyhorshg khuh fdq
xvhixoo| eh h{sorlwhg1 Oxfdv ^44` frqwdlqv d vlpsoh prgho ri ryhuodsslqj
jhqhudwlrqv prqhwdu| hfrqrp| lq wkh Vdpxhovrq fdvh/ zklfk zh fdq xvh d
vwduwlqj srlqw1

Lw lv d sxuh0h{fkdqjh hfrqrp| zlwk d frqvwdqw srsxodwlrq ri wzr0shulrg
olylqj djhqwv hqgrzhg zlwk d xqlw ri shulvkdeoh jrrg lq wkhlu |rxwk shulrg
+dqg qrq zkhq rog,> wkh vwrfn ri jryhuqphqw0lvvxhg �dw prqh| lv frqvwdqw
dqg lw lv lqlwldoo| glvwulexwhg wr wkh rog jhqhudwlrq dw wlph | ' f1 Djhqwv
ghulyh vdwlvidfwlrq iurp frqvxpswlrq dffruglqj wr=

LES|c S|n�� '
s
S| n 2S|n�

Wkh exgjhw frqvwudlqw lv=

S| n S|n�
^|
^|n�

' �

zkhuh f � ^| '
�

R|
� �1

Lq htxloleulxp wkh �uvw rughu frqglwlrqv dssolhg wr wklv pd{lpl}dwlrq
sureohp ohdg wr=

^|n� ' 8 E^|� '
�

e
E�� ^|�

3
�

2 ^| +4:,

Vhtxhqfhv wkdw vdwlvi| +4:, duh shuihfw iruhvljkw htxloleuld iru wkh prgho> lq
sduwlfxodu wkhuh duh wzr vwhdg| vwdwhv=

� ^| ' f lv wkh dxwdufk| htxloleulxp/ lq zklfk prqh| lv zruwkohvv>
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� ^| '
�D

�S
lv wkh prqhwdu| htxloleulxp1

Xqghu shuihfw iruhvljkw wkh v|vwhp zloo frqyhujh wr ^| ' f> pruhryhu doo
wudmhfwrulhv i^|j zlwk ^f 5 Efc �D

�S
� vdwlvi| +4:, iru hdfk | dqg frqvwlwxwh d

zkroh frqwlqxxp ri udwlrqdo h{shfwdwlrqv qrq0vwdwlrqdu| htxloleuld1 Wklv lv
wkh fodvvlfdo lqghwhuplqdf| sx}}oh ri ryhuodsslqj jhqhudwlrqv hfrqrplhv1 Vhh
Jhdqdnrsorv ^43` iru d glvfxvvlrq1 D frpprqo| xvhg zd| rxw ri pxowlsolflw|
lv wkh lghd ri vhohfwlqj dq htxloleulxp dv wkh rxwfrph ri wkh dgdswlyh surfhvv
ri djhqwv1 Wklv dssurdfk lv ydoxdeoh dv lw dggv hpskdvlv rq wkh sv|fkrorjlfdo
dwwlwxgh wkdw irup +rswlpdo, ghflvlrq uxohv/ exloglqj rq vrph ohduqlqj vwdjh1
Lw lv lqghhg d sduwldo vroxwlrq/ wkrxjk/ lq wkdw wkh rxwfrphv wkdw duh uhdfkhg
duh yhu| pxfk wkh surgxfw ri wkh sduwlfxodu dgdswlyh vfkhph rqh lv xvlqj/
zkhuhdv wkhuh grhv qrw vhhp wr eh d xqlyhuvdo zd| ri ghflglqj zklfk vfkhph
wr dgrsw1

Lq wkh vhtxho zh dqdo|vh wkh frqvhtxhqfhv ri lqwurgxflqj dgdswlyh ehkdy0
lrxu lq wkh prgho/ zlwk ydulrxv h{dpsohv glvsod|lqj gl�huhqw ihdwxuhv1

Frqvlghu wkh iroorzlqj w|sh ri h{shfwdwlrqv=

^e|n� ' ^e| n kE^|3� � ^e| � +4;,

Wkh srvvlelolw| ri uhjduglqj +4;, dv wkh olplwlqj pds ri d pruh frpsoh{
phfkdqlvp ri h{shfwdwlrq irupdwlrq lv lqyhvwljdwhg lq vrph ohqjwk lq wkh
qh{w vhfwlrq1 Vxevwlwxwlqj iru ^|3� ' 83�E^|� � ~E^|� iurp +4:, zh jhw=

^e|n� ' ^e| n kE~E^e| �� ^e| � +4<,

~E^e| � ' eE^e| �
2
s
eE^e| �

2 n �� HE^e| �
2

Lw lv vwudljkwiruzdug wr yhuli| wkdw/ iru doo k 5 Efc ��/ wkh prqhwdu| htxlole0
ulxp ^ ' �D

�S
lv vwdeoh iru wkh g|qdplfv lq +4<,/ zkhuhdv ^ ' f lv xqvwdeoh1

Wklv iroorzv iurp wkh idfw wkdw iru wkh iruzdug lq wlph g|qdplfv/ 8 / ^ ' �D

�S

lv xqvwdeoh dqg ^ ' f lv vwdeoh1 Wkhuhiruh zh kdyh d xqlirup ehkdylrxu iru
doo ydoxhv ri k 5 Efc ��/ zlwk qr elixufdwlrq rffxuulqj1

D gl�huhqw srvvlelolw| lv wr vhw

^e|n� '
�

|

|3�[
�'f

^� +53,

Wklv phfkdqlvp lv wkh vdph dv wkh rqh xvhg lq Eud| ^9`1 Lw lv dfwxdoo| d vlpsoh
fdvh/ vlplodu wr +4;, h{fhsw iru wkh suhvhqfh ri d qrq0frqvwdqw sdudphwhu k>
lqghhg/ jlyhq +53,/ zh fdq zulwh/ dv lq Oxfdv ^44`=

^e|n� ' ^e| n
�

|
E~E^e| �� ^e| � +54,
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Wkh srvvlelolw| ri hpehgglqj +54, lq d pruh jhqhudo iudphzrun lv vwxglhg lq
wkh qh{w vhfwlrq1 Dv iru +54,/ uhpdun wkdw lw fdq eh sxw lq wkh iroorzlqj irup=

�
^e|n� ' ^e| n k|E~E^

e
| �� ^e| �

k|n� ' CEk|� � k|
�nk|

kf ' �
+55,

zklfk lv vxlwdeoh iru wkh dssolfdwlrq ri Wkhruhp 41

Sursrvlwlrq 5 Wkh v|vwhp +55, vdwlv�hv dvvxpswlrqv ^D4` wr ^D6` ri Wkh0
ruhp 41

Surri1 Zh vlpso| olvw krz wkh �yh frqglwlrqv duh phw=

^D4` E�D
�S
c f� lv d orfdoo| vwdeoh �{hg srlqw ri +55,/ vhh iru lqvwdqfh Oxfdv ^44`

iru d surri>

^D5` C dqg ~ duh fohduo| ��>

^D6` jlyhq B : f vhw �| G �
�|
	 B wkhq fkrrvh dq| � 5 E�� �

�|n�
c ��

Vr zh fdq dfwxdoo| dsso| Wkhruhp 41 Revhuyh wkdw wkdqnv wr rxu uhvxow
wkh vwdelolw| dujxphqw frqfhuqlqj wkh vhw

� ' Efc ���
�
�

|

�
|MQ

zklfk lv frqwdlqhg lq Oxfdv ^44`/ fdq fhuwdlqo| eh h{whqghg wr wkh uhjlrq
�� ' Efc ��� dfc �o1

7 Wkh q0glphqvlrqdo fdvh
Dv zh kdyh dqqrxqfhg/ wkh uhvxow ri Wkhruhp +4, fdq eh hdvlo| h{whqghg wr
wkh q0glphqvlrqdo fdvh1

Frqvlghu  5 U
?ck 5 U

? dqg d iruzdug0orrnlqj prgho/

 | ' 8 E e|n�� ' E8�E 
e
|n��c ���c 8?E 

e
|n��

xqghu erxqghg udwlrqdolw| dqg d uhsuhvhqwdwlyh djhqw dvvxpswlrq1 Wudghuv
irupxodwh h{shfwdwlrqv derxw hdfk yduldeoh dv d frqyh{ frpelqdwlrq ri wkh
odvw iruhfdvw dqg revhuyhg ydoxh/ %e�c|n� ' .�E 

e
| ck|� ' %e�c| n k�c|E%�c|3� �
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%e�c|�c � ' ����?c zkhuh wkh zhljkwv k�c| duh hqgrjhqrxvo| xsgdwhg wkurxjk d
odz

k|n� ' }E e| c 
e
|n�c |3�c |ck|� ' CE e| ck|� ' EC�E 

e
| ck|�c ���c C?E 

e
| ck|��

dv lq wkh vfdodu fdvh1
Ohw � eh wkh gldjrqdo pdwul{ zlwk k�c� ' k�/ wkh v|vwhp ehfrphv

E�� G

�
 e|n� ' . E e| ck|� '  e| n �| d8 E 

e
|��  e| o

k|n� ' CE e| ck|�
' +56,

'

;AAAAAA?
AAAAAA=

%e�c|n� ' .�E 
e
| ck|� ' %e�c| n k�c|

�
8�E 

e
|�� %e�c|

�
���
%e?c|n� ' .?E 

e
| ck|� ' %e?c| n k?c|

�
8?E 

e
|�� %e?c|

�
k�c|n� ' C�E 

e
| ck|�

���
k?c|n� ' C?E 

e
| ck|�

+57,

Li d yhfwru E WckW� zlwk kW
� 9' fc ;�/ lv d vwhdg| vwdwh iru E��/ wkhq  W

lv d �{hg srlqw iru wkh pds  | ' 8 E e|n��/ wkdw lv d udwlrqdo h{shfwdwlrqv
htxloleulxp1 Wkh Mdfreldq pdwul{ ri +56,/ fdofxodwhg lq E WckW� lv

� � E WckW� '

�
. �E WckW� f
C E 

WckW� CkE 
WckW�

�

zkhuh . � lv wkh Mdfreldq iru wkh v|vwhp +7,/ zkhuhdv C dqg Ck frqwdlq
wkh ghulydwlyhv ri C zlwk uhvshfw wr  dqg +uhvshfwlyho|, k1 Wkh vwdelolw|
frqglwlrqv duh wkhuhiruh wljkwhu wkdq zlwk d frqvwdqw k1 Lq sduwlfxodu/ li
djhqwv xsgdwh k� zlwkrxw uhihuhqfh wr wkh ydoxh ri k�/ � 9' �/ wkh vwdwlrqdu|
vwdwh E WckW� iru wkh v|vwhp +56, zloo eh orfdoo| vwdeoh li=

41  W lv d orfdoo| vwdeoh htxloleulxp iru wkh pds +7, zlwk k ' kW1

51 �� 	 YC�

Yk�
E WckW� 	 �/ � ' ����?1

Ohw xv qrz wxuq wr wkh jhqhudo uhvxow1

Wkhruhp 6 Frqvlghu wkh iroorzlqj dvvxpswlrqv=

^E4` E WckW� lv d orfdoo| xqltxh/ dv|pswrwlfdoo| vwdeoh/ �{hg srlqw iru E��>

^E5` 8cC 5 ��>
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^E6` <� 5 Efc �� G nkW �CE Wck|�n 	 � nkW �k|n ;k| 9' kW/ zkhuh nn lv
wkh Hxfolghdq qrup1

Wkhq/ iru doo k 5 U
? wkhuh h{lvwv B : f +ghshqglqj rq k, vxfk wkdw

�BE 
W�� ikj � 
E WckW� +58,

zkhuh �BE 
W� lv d edoo ri udglxv B fhqwuhg lq  W1

Surri1
Iroorzlqj wkh vdph vwudwhj| ri Ohppd 4 dqg Wkhruhp 4 ohw xv exlog/

wkurxjk edfnzdug lqgxfwlrq/ d vhtxhqfh ri qhljkerxukrrgv ri wkh vwdwlrqdu|
vwdwh/ ehorqjlqj wr lwv edvlq ri dwwudfwlrq1

Wkdqnv wr ^E4`/ wkhuh duh Bfc >f : f vxfk wkdw

UfE 
WckW� '

�
�BfE 

W���>f
EkW�

� � 
E WckW�

Jlyhq 	kf 9' kW vxfk wkdw >f � nkW � 	kfn dqg � vdwlvi|lqj ^E6`/ frqvlghu
wkh vhtxhqfh ri yhfwruv

	k?n� '
	k? � E�� ��kW

�
+59,

Zh kdyh

nkW � 	k?n�n '

����kW � 	k? � E�� ��kW

�

���� '

����k
W � 	k?

�

���� '
�

�
nkW � 	k?n

dqg wkhuhiruh i>?j � inkW � 	k?nj lv prqrwrqh lqfuhdvlqj dqg whqgv wr n41
Frqvlghu qrz �? � �

�>?n�
EkW���>?

EkW�
�
/ 7� ehlqj wkh forvxuh ri �1

Iru dq| k| 5 �?/ wkdqnv wr ^E6` dqg +59,/ zh kdyh

nkW �CE Wck|�n ' nkW �k|n�n 	 � nkW �k|n � � nkW � 	k?n�n '
' n�kW � 	k? n E�� ��kWn ' nkW � 	k?n ' >?

E| frqwlqxlw|/ iru doo k 5 �? zh fdq �qg Bk : f vxfk wkdw

nkW �CE e| ck|�n 	 nkW � 	k?n ' >? +5:,

iru dq| E e| ck|� 5 �Bk E 
Wck�1 Qrwh wkdw wkhuh lv B�?n� : f vxfk wkdw

Bk � B�?n� : f iru doo k 5 �?> rwkhuzlvh/ wkhuh zrxog h{lvw d vhtxhqfh��
 e�ck�

�� $ iE Wc �k�j zlwk �k 5 �? vxfk wkdw

��kW �CE e�ck��
�� � � nkW �k�n � 5 Q
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frqwudglfwlqj +5:,1 Ilqdoo|/ jlyhq wkh gldjrqdo pdwul{ �| zlwk wkh hohphqwv ri
k| rq wkh sulqflsdo gldjrqdo dqg �Ek|� '4@ 

�'����?
imk�c|mj/ wkhuh lv f 	 B?n� �

B�?n� vxfk wkdw iru dq| E |ck|� 5 �B?n�E 
W�� �?�� e|n� �  W

�� � n e| �  Wnn n�| E8 E 
e
|��  e|�n � +5;,

� n e| �  Wnn�Ek|� nE8 E e|��  e|�n 	 B?

Wklv lv gxh wr wkh frqwlqxlw| ri 8 / wkh idfw wkdw 8 E W� '  W/ dqg wkh lqhtxdo0
lw|

�Ek|� �4@ 
�'����?

�
>?n� n mkW� m

�
' �?Ek

W�

iroorzlqj

mk�m ' mk� � kW� n kW� m 	 mk� � kW� mn mkW� m � >?n� n mkW� m �
Qrz jlyhq Bfc >f : f/ wkdqnv wr +5:, dqg +5;,/ zh fdq uhwulhyh uhfxu0
vlyho| iEB?c >?�j/ iB?j ehlqj ghfuhdvlqj dqg i>?j lqfuhdvlqj dqg glyhuj0
lqj wr n4/ vxfk wkdw li E |ck|� 5 �

�B?n�E 
W�� �?

�
wkhq E |n�ck|n�� 5�

�B?E 
W���>?

EkW�
�
1 Vr jlyhq k zh fdq �qg ? vxfk wkdw k 5 �? dqg/ fru0

uhvsrqglqjo|/ B ' B?n� vxfk wkdw iru dq|  5 �BE 
W� wkh v|vwhp wdnhv E ck�

wr UfE 
WckW� '

�
�BfE 

W���>f
EkW�

� � 
E WckW�/ lq �qlwh vwhsv +dw prvw
?,1 Wklv frqfoxghv rxu surri1

Uhpdun 6 Dv lq wkh xqlglphqvlrqdo fdvh/ iru wkh vdnh ri surylqj Wkhruhp
6/ dvvxpswlrq ^E6` fdq eh voljkwo| uhod{hg/ lq wkh iroorzlqj vhqvh=

^E7` ;> : f <� 5 Efc �� G nkW �CE Wck|�n 	 � nkW �k|n ;k| *5 �>Ek
W�/

zkhuh n�n lv wkh Hxfolghdq qrup1 dqg �>Ek
W� lv d edoo ri udglxv >

fhqwuhg lq kW1

Uhpdun 7 Wklv zd| zh fdq slfn d 	> dqg d fruuhvsrqglqj 	� vxfk wkdw ^E7`
dssolhv dqg/ dw wkh vdph wlph/ �	>E 

WckW� lv vwulfwo| frqwdlqhg lq 
E WckW�>
dqg wklv lv vx!flhqw wr suryh wkh wkhruhp1

Zh qrz hvwdeolvk/ zlwk wkh wkuhh iroorzlqj uhvxowv/ d olqn zlwk Sursrvlwlrq
41 Exw �uvw zh qhhg wr vwdwh vrphwklqj lq dgydqfh1 Zh qhhg wr gh�qh d
wrsrorj| iru wkh vhw ri ixqfwlrqv zh duh lqwhuhvwhg lq/ wkhuhiruh zh pljkw
pdnh wklqjv hdvlhu e| uhvwulfwlqj wr erxqghg ixqfwlrqv ru e| frqvlghulqj d
frpsdfw grpdlq/ dqg vr uhvruw wr wkh � � wrsrorj| ri ��0xqlirup frqyhujhqfh1
Wklv lv fohduo| d khdy| uhtxluhphqw lq whupv ri wkh hfrqrplf lqwhusuhwdwlrq1
Khqfh/ zh zloo vwlfn wr d kljkhu ohyho ri jhqhudolw|1

Ohw I eh wkh vhw ri �� ixqfwlrqv gh�qhg rq U
6 wdnlqj ydoxhv lq U

?1
Frqvlghu/ rq wklv vhw/ wkh iroorzlqj glvwdqfh=

49



Gh�qlwlrq 4 Frqvlghu d �whohvfrslf� vhtxhqfh ri frpsdfw vhwv g� � g�n�

vxfk wkdw
V

�g� ' U
61 Rq hyhu| frpsdfw g� gh�qh

4@ 
%Mg�

Ens E%�nn n(s E%�n�

zkhuh ns E%�n lv wkh hxfolghdq qrup lq U
? dqg n(s E%�n lv wkh qrup wkh ri

wkh Mdfreldq (s E%� gh�qhg e|

n(s E%�n ' 4@ 
8�8'�

n(s E%� �n

Ohw/ _ G I �I $ U/ eh wkh iroorzlqj ixqfwlrq=

_ Esc }� ' *�4
�<"

4@ %Mg�
Ens E%�� } E%�nn n(s E%��(} E%�n�

� n 4@ %Mg�
Ens E%�� } E%�nn n(s E%��(} E%�n�

Sursrvlwlrq 6 Wkh ixqfwlrq _ Esc }� lv d phwulf1

Surri1
Fohduo| _ Esc }� � f dqg s 9' } lpsolhv wkdw wkhuh lv &� vxfk wkdw

4@ 
%Mg�

Ens E%�� } E%�nn n(s E%��(} E%�n� : f

lpso|lqj _ Esc }� : f1 Dovr/ wulyldoo|/ _ Esc }� ' _ E}c s�1
Ilqdoo| _ Esc }� � _ Esc �� n _ E�c }�1 Lqghhg/ jlyhq d frpsdfw g�/ ohw � �c�

eh wkh phwulf ri wkh ��0xqlirup frqyhujhqfh iru ixqfwlrqv gh�qhg rq g�1
Ehfdxvh ) G U $ U/ ) E|� ' |

�n|
lv lqfuhdvlqj/ dqg wkdqnv wr wkh wuldqjxodu

lqhtxdolw|

� �c� Esc }�

� n � �c� Esc }�
� � �c� Esc �� n � �c� E�c }�

� n � �c� Esc �� n � �c� E�c }�
'

'
� �c� Esc ��

� n � �c� Esc �� n � �c� E�c }�
n

� �c� E�c }�

� n � �c� Esc �� n � �c� E�c }�
�

� � �c� Esc ��

� n � �c� Esc ��
n

� �c� E�c }�

� n � �c� E�c }�

wdnlqj wkh olplw iru � $ 41

Uhpdun 8 Vxfk glvwdqfh lv d irup ri Srlqfduì phwulf dqg zh odeho lw � R1

Uhpdun 9 Lw*v zruwk qrwlqj wkdw � R Esc }� � � iru dq| sc } ehorqjlqj wr I1
Uhpdun : Wkh phwulf � R rq wkh vhw I grhv qrw frph iurp dq| qrup vlqfh

mbm � R Esc f� 9' � R Ebsc f�

4:



Sursrvlwlrq 7 Wkh glvwdqfh � R grhv qrw ghshqgv rq wkh fkrlfh ri wkh whoh0
vfrslf vhtxhqfh ri frpsdfw vhwv1

Surri1
Ohw �� dqg g� eh wzr whohvfrslf vhtxhqfhv ri frpsdfw vhwv vxfk wkdwV

� �� '
V

�g� ' U
61 Ohw _� dqg _g eh wkh glvwdqfhv gh�qhg wkurxjk

i��j dqg ig�j uhvshfwlyho|1 Vxssrvh wkdw s dqg } eh vxfk wkdw _& Esc }� 9'
_� Esc }�/ dqg zlwkrxw orvv ri jhqhudolw| _& Esc }� 	 _� Esc }�> wkhq iru dq|
0 : f wkhuh lv ? E0� vxfk wkdw���� 4@ %M��

Ens E%�� } E%�nn n(s E%��(} E%�n�
� n 4@ %M�� Ens E%�� } E%�nn n(s E%��(} E%�n� � _� Esc }�

���� 	 0 +5<,

iru doo � : ? E0�1 Khqfh/ wkhuh lv 7% vxfk wkdw���� Ens E7%�� } E7%�nn n(s E7%��(} E7%�n�
� n Ens E7%�� } E7%�nn n(s E7%��(} E7%�n� � _� Esc }�

���� 	 0

Iru vxfk d 7% wkhuh lv d g�f vxfk wkdw 7% 5 g�f/ pruhryhu

4@ %Mg�f
Ens E%�� } E%�nn n(s E%��(} E%�n�

� n 4@ %Mg�f
Ens E%�� } E%�nn n(s E%��(} E%�n� 	 _g Esc }� +63,

Vr/ sxwwlqj wrjhwkhu +5<, dqg +63,/ zh kdyh

_g Esc }� : _� Esc }�� 0

zklfk frqwudglfw wkh dvvxpswlrq/ dv 0 lv duelwudulo| vpdoo1

Uhpdun ; Revhuyh wkdw

ns E%�� } E%�nn n(s E%��(} E%�n 	 0 iru dq| % 5 U
6

lpsolhv � R Esc }� 	 0 dqg wkdw/ rq wkh frqwudu|/ li � R Esc }� 	 j wkhq iru doo
% 5 U

6

ns E%�� } E%�nn n(s E%��(} E%�n 	
j

�� j

zklfk lv vpdoohu wkdq 2j iru j 	 �
2
1 Lq rwkhu zrugv/ wzr ixqfwlrqv duh qhdu

iru wkh Srlqfduì phwulf li dqg rqo| li wkh| duh sxqfwxdoo| 00qhdu hyhu|zkhuh1

Qrwlfh wkdw/ zlwk uhvshfw wr Ixfkv ^;` dqg wr dvvxpswlrqv ^D4` dqg ^E4`
ri Wkhruhpv 4 dqg 6/ lq wkh vhtxho zh uhtxluh wkdw E WckW� eh k|shuerolf
dqg dwwudfwlqj/ qrw mxvw dv|pswrwlfdoo| vwdeoh1 Lw lv qrw dq ryhuo| vwurqj
uhvwulfwlrq/ dv/ jlyhq I)/ wkh vsdfh ri erxqghg �� ixqfwlrqv wkdw kdyh d �{hg
srlqw lq )/ dqg jlyhq rq I) wkh wrsrorj| � �/ I�+R

)
+wkh vxevhw ri I) iru zklfk

+ lv k|shuerolf, lv rshq dqg ghqvh lq I)1
Lw lv vwudljkwiruzdug wr fkhfn wkdw doo wkh ohduqlqj uxohv wkdw vdwlvi| wkh

dvvxpswlrqv ri Wkhruhp 6 ehorqj wr wkh idplo| O ri Sursrvlwlrq 4=
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Wkhruhp 7 Ohw  W d orfdoo| xqltxh/ shuihfw iruhvljkw htxloleulxp iru wkh pds
+5,/ HE W� wkh vhw ri h{shfwdwlrqv ixqfwlrqv +7,/ sdudphwul}hg e| k/ iru zklfk
 W lv d whpsrudu| vwdwlrqdu| dwwudfwlyh k|shuerolf htxloleulxp1 Ohw J wkh vhw
ri ohduqlqj uxohv C E e| ck|� vdwlvi|lqj ^E4`/ ^E5` dqg ^E6`1 Ohw O � J eh wkh
vhw ri ohduqlqj uxohv vxfk wkdw/ jlyhq wkh pds

E�� G

�
 e|n� ' . E e| ck|� '  e| n �| d8 E 

e
|��  e| o

k|n� ' C E e| ck|�

wkhuh lv d qhljkerxukrrg L ri  W vxfk wkdw=
d, wkh wudmhfwrulhv i)|j ' i |ck|j ghwhuplqhg e| wkh lqlwldo frqglwlrq

)f ' E fckf� zlwk  f lq L dqg kf lq HE W�/ frqyhujh wr E WckW� zlwk kW 5
HE W�>

e, wkhuh h{lvw wudmhfwrulhv i)|j ghwhuplqhg e| lqlwldo frqglwlrqv )f '
E fckf� zlwk  f lq L dqg kf *5 HE W�/ wkdw vwloo frqyhujh wr E WckW� zlwk
kW 5 HE W�1

Wkhq O ' J1
Surri1

Li HE W� ' D wkh sureohp lv luuhohydqw ehfdxvh doo lqlwldo frqglwlrqv kdyh
kf 5 HE W�1 Li/ ylfh yhuvd/ wkhuh lv k ehorqjlqj wr D exw qrw wr HE W�= e|
Wkhruhp 6/ jlyhq C 5 J dqg k/ zh fdq �qg B : f +ghshqglqj rq k, vxfk
wkdw wkh wudmhfwrulhv i)|j iroorzlqj wkh lqlwldo frqglwlrq )f ' E fckf� zlwk
 f ehorqjlqj wr d qhljkerxukrrg L ri  W dqg udglxv B dqg kf ehorqjlqj
wr wkh forvxuh ri d qhljkerxukrrg U ri kW ri udglxv nkW �kn/ frqyhujh wr
E WckW� zlwk kW 5 HE W�1 Vr C 5 J , C 5 O/ wkhuhiruh J � O zkloh e|
gh�qlwlrq O � J1

Khqfh/ li zh vxevwlwxwh wkh dvvxpswlrq +4, ri Ixfkv zlwk ^D7` ru ^E7`/ wkh
qhjdwlyh uhvxowv lq ^;` lv frpsohwho| uhyhuvhg1

Lq idfw zh fdq vd| hyhq pruh1 Dv zh dqwlflsdwhg lq Vhfwlrq 6 wkh vxevhw
ri ohduqlqj uxohv zh duh frqvlghulqj lv qrw d �wklq vhw�/ lq d wrsrorjlfdo vhqvh1
Wklv lv zkdw zh duh jrlqj wr vkrz qh{w/ lq Wkhruhp 51

Iluvw/ zh qhhg wkh iroorzlqj idfwv1

Ohppd 5 Ohw s 5 I1 Wkh iroorzlqj vwdwhphqwv duh htxlydohqw=
d, s lv d frqwudfwlrq ri frqvwdqw �/ l1h1

_ Es E%� c s E+�� � �_ E%c +�

+_ lv wkh hxfolghdq glvwdqfh,
e, s lv vxfk wkdw

n(s E%�n 	 � iru dq| % 5 U
?

4<



Surri1 Ed, e� G
Ohw s d frqwudfwlrq ri frqvwdqw �/ zh pxvw vkrz wkdw n(s E%� �n 	 � iru

doo n�n ' �1 Wkh lqhtxdolw|

n(s E%� �n '

����*�4|<f

s E%n |��� s E%�

|

���� 	 *�4
|<f

� n|�n
m|m ' �

suryhv wklv1
Ee, d� G
Ohw xv hvwlpdwh ns E%�� s E+�n1 Zh kdyh=

s E+�� s E%� '

] �

f

_

_|
s E%n | E+ � %�� _| '

] �

f

(s E%n | E+ � %�� E+ � %� _|

khqfh

ns E%�� s E+�n �
] �

f

n(s E%n | E+ � %��n n+ � %n _| 	
] �

f

� n+ � %n _| ' � n+ � %n

Ohppd 6 Ohw s 5 I d frqwudfwlrq ri frqvwdqw �1 Iru dq| 0 vxfk wkdw
� n 0 	 �/ wkhuh lv B0 vxfk wkdw

� R Esc }� 	 B0 ', } lv d frqwudfwlrq ri frqvwdqw q 	 � n 0

Surri1 Ohw s eh d frqwudfwlrq ri frqvwdqw � dqg } 5 I vxfk wkdw � R Esc }� 	
01 Iurp wkh gh�qlwlrq ri � R lw iroorzv wkdw iru dq| % 5 U

? +vhh Uhpdun ;,

n(s E%��(} E%�n 	
0

�� 0
	 20 li 0 	

�

2

Wkhuhiruh iru 0 	 �
2

mn(s E%�n � n(} E%�nm 	 n(s E%��(} E%�n 	 20

vr
n(} E%�n 	 n(s E%�nn 20

E| Ohppd 5/ jlyhq 0 vxfk wkdw �n20 	 �/ lw iroorzv wkdw } lv d frqwudfwlrq/
dv uhtxluhg1

Ohppd 7 Ohw s 5 I eh d frqwudfwlrq ri frqvwdqw �/ 5W ' sE5W� dqg �#E5
W�

dq #0edoo fhqwuhg lq 5W= wkhq s E�# E5
W�� � �#� E5

W�1
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Surri1 E| gh�qlwlrq/ iru doo 5 5 �# E5
W� zh kdyh

nsE5�� 5Wn ' nsE5�� sE5W�n � � n5 � 5Wn � � 4@ 
+M�#E5W�

n+ � 5Wn ' #�

Wkhruhp 8 Ohw  W d orfdoo| xqltxh/ shuihfw iruhvljkw vwdwlrqdu| htxloleulxp
iru wkh pds +5,/ HE W� wkh vhw ri h{shfwdwlrqv ixqfwlrqv +7,/ sdudphwul}hg e|
k/ iru zklfk  W lv d whpsrudu| vwdwlrqdu| dwwudfwlyh k|shuerolf htxloleulxp1
Ohw J eh wkh vhw ri ohduqlqj uxohv C E e| ck|� iru zklfk wkh v|vwhp E�� vdwlv�hv
^E4` wr ^E6`1 Frqvlghu wkh vhw K ' iC G k|n� ' C E e| ck|� (C 5 ��j/ ri wkh
�� ohduqlqj uxohv/ hqgrzhg zlwk wkh wrsrorj| � R1

Wkhq J/ dv d vxevhw ri K/ kdv d qrq hpsw| lqwhulru1

Surri1
Wr vkrz wkdw wkh vhw lv qrw hpsw| frqvlghu

	C E e| ck|� ' kW n �� Ek| �kW�

zlwk kW lq HE W� dqg �� 5 Efc ��1 Lw lv hdv| wr vhh wkdw ^E4`/ ^E5` dqg ^E6` +wkh
odwwhu iru dq| �� 	 � 	 �, dsso| wr wkh fruuhvsrqglqj E�� dqg vr 	C 5 J1

Qrwlfh wkdw 	C lv d frqwudfwlrq=��� 	C E �ck��� 	C E 2ck2�
��� ' ndkW n �� Ek� �kW�o� dkW n �� Ek2 �kW�on '

' n�� Ek� �k2�n ' m��m nk� �k2n � m��m nE �ck��� E 2ck2�n

Qrz/ frqvlghu d frqwudfwlrq ri frqvwdqw �/ CE e| ck|� G U
2? $ U

?> wkdqnv
wr Ohppd 6 wkhuh lv dq 00qhljkerxukrrg/ a / riC/ +lq wkh � R wrsrorj|, hqwluho|
pdgh xs ri frqwudfwlrqv1 Zh zdqw wr vkrz wkdw hyhu| vxfk frqwudfwlrq
yhul�hv ^E4`/ ^E5` dqg ^E6`1 Iru dq| C� 5 a lwv uhvwulfwlrq C�

 W Ek|� lv djdlq
d frqwudfwlrq ri U? lq lwvhoi1 Dv d frqvhtxhqfh ri Ohppd 7 dqg Uhpdun ;/
iru hdfk # : f vxfk wkdw

# E�� �� :
0

�� 0

zh kdyh
C�
 W E�# Ek

W�� � �# Ek
W� +64,

+64, dqg wkh Frqwudfwlrq Pdsslqj Wkhruhp lpso| wkdwC�
 W kdv d �{hg srlqw/

kW�/ lq �# EkW�/ khqfh E WckW� lv d �{hg srlqw iru wkh v|vwhp

�
� �

�
G

�
 e|n� ' . E e| ck|� '  e| n �| d8 E 

e
|��  e| o

k|n� ' C� E e| ck|�
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Vr/ ^E5` lv reylrxv/ dqg ^E6` lpphgldwho| iroorzv wkh idfw wkdw C� lv d frq0
wudfwlrq1 Lq vr idu dv lw frqfhuqv wkh ^E4` dvvxpswlrq frqvlghu wkh Mdfreldq
ri � � hydoxdwhg lq E WckW�

� �
�

E WckW� '

�
. �E WckW� f
C�
 
E WckW� C�

k
E WckW�

�

zkhuh . � lv wkh Mdfreldq iru wkh v|vwhp +7,/ zkhuhdv C�
 
dqg C�

k
frqwdlq wkh

ghulydwlyhv ri C� zlwk uhvshfw wr  dqg +uhvshfwlyho|, k1 Wkh k|shuerolflw|
frqglwlrqv rq wkh hljhqydoxhv duh judqwhg iru d vpdoo hqrxjk 01

Uhpdun < Wkh deryh uhvxowv duh qrw khdylo| lq xhqfhg e| wkh fkrvhq wrsro0
rj|1 Uhvwulfwlqj wkh dqdo|vlv wr wkh vhw +hqgrzhg zlwk wkh � � wrsrorj| ri
wkh ��0xqlirup frqyhujhqfh, ri ixqfwlrqv gh�qhg rq frpsdfwv dqg frqwlqx0
rxvo| gl�huhqwldeoh/ Wkhruhp 8 zrxog vwloo zrun dqg wkh surri frxog hdvlo| eh
dgdswhg1

Qrz wr wkh odvw vwhs1 Zh qrz vkrz wkdw hyhu| HOU zlwk wkh surshuw|
+4, fdq eh dssur{lpdwhg e| d C 5 J zlwk duelwudu| suhflvlrq1

Wkhruhp 9 Ohw  W d orfdoo| xqltxh/ shuihfw iruhvljkw vwdwlrqdu| htxloleulxp
iru wkh pds +5,/ HE W� wkh vhw ri h{shfwdwlrqv ixqfwlrqv +7,/ sdudphwul}hg e|
k/ iru zklfk  W lv d whpsrudu| vwdwlrqdu| dwwudfwlyh k|shuerolf htxloleulxp1
Ohw J eh wkh vhw ri ohduqlqj uxohv C E e| ck|� iru zklfk wkh v|vwhp E�� vdwlv�hv
^E4` wr ^E6`1 Frqvlghu wkh vhw K ' iC G k|n� ' C E e| ck|� (C 5 ��j/ ri wkh
�� ohduqlqj uxohv/ hqgrzhg zlwk wkh wrsrorj| � R dqg J8 � K wkh vhw ri ixqf0
wlrqv C8 E e| ck|� iru zklfk C8 E e| ck|� ' k|1 Wkhq/ iru dq| C8 5 J8 � K
wkhuh lv d vhtxhqfh iC?j czlwk C? 5 J � K iru doo ?/ vxfk wkdw

*�4
?<n"

C? E 
e
| ck|� ' C8 E e| ck|� iru dq| E e| ck|�

Surri1
Frqvlghu k|n� ' C8 E Wck|� 5 J8 1 Ohw kW 5 H E W�1 Vhw

C? E 
Wck|� '

�

?
kW n

�
�� �

?

�
C8 E Wck|�

Fohduo| wkh vhtxhqfh frqyhujhv srlqwzlvh wr C8 1 Zh vkrz wkdw C? 5 J iru
doo ? 5 Q=

� Dv iru ^E4` zh kdyh

C? E 
WckW� '

�

?
kWn

�
�� �

?

�
C8 E WckW� '
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kWn
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�
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vr E WckW� lv d �{hg srlqw iru

E�?� G

�
 e|n� ' . E e| ck|� '  e| n �| d8 E 

e
|��  e| o

k|n� ' C? E 
e
| ck|�

Pruhryhu frqvlghu C?ck E 
WckW�/ l1h1 wkh pdwul{ ri sduwldo ghulydwlyhv

ri C? zlwk uhvshfw wr k> wkhq

C?ck E 
WckW� '

�
�� �

?

�
C8ck E 

WckW�

DvC8ck E 
Wck|� ' k| iru dq|k|/ C8ck E 

Wc �� frlqflghv zlwk wkh lghqwlw|
pdwul{ dqg vr C?ck E 

WckW� kdv hljhqydoxhv htxdo wr
�
�� �

?

�
1 Wkhq/

surylghg wkdw kW 5 H E W�/ E WckW� lv k|shuerolf dqg dwwudfwlqj iru wkh
pds E�?�1

E5 wulyldoo| krogv

� Ilqdoo| uhpdun wkdw=

nkW �C? E 
Wck|�n '

����kW � �
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kW �
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C8 E Wck|�
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	 � nkW �k|n

kdylqj vhw
�
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?

�
	 � 	 �1

Wklv frpsohwhv rxu surri1

Uhpdun 43 Wkhruhp 9 rqo| surylghv srlqwzlvh frqyhujhqfh1 Wklv olplwd0
wlrq fdqqrw eh hdvlo| uhpryhg hqgrzlqj K ri d gl�huhqw phwulf= lq idfw/ jlyhq
d ixqfwlrq lq J8 / d ixqfwlrq lq J dqg d srlqw E Wck|�

nC8 E Wck|��C E Wck|�n ' nk| �C E Wck|�n � E�� �� nkW �k|n

vr wkdw zh fdq pdnh wklv glvwdqfh dv juhdw dv zh zdqw li nkW �k|n +l1h1 wkh
grpdlq, lv xqerxqghg1

Uhpdun 44 Li zh frqvlghu rqo| wkh vhw ri �� ixqfwlrqv/ gh�qhg rq d frpsdfw
vhw/ hqgrzhg zlwk wkh phwulf � � ri ��0xqlirup frqyhujhqfh/ wkh wkhruhp 9
fdq eh suryhg fkdqjlqj wkh wkhvlv lq=
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^111Wkhq/ iru doo C8 5 J8 � K wkhuh lv d vhtxhqfh iC?j/ zlwk C? 5 J � K
iru doo ?/ vxfk wkdw=

*�4
?<n"

C? ' C8

111`1
Wkh surri uhpdlqv xqfkdqjhg lq wkh h{lvwlqj sduw1 Lw uhpdlqv wr eh suryhg

wkdw wkh vhtxhqfh xqlirupo| frqyhujhv wr C8 1 Lqghhg zh kdyh=

� � EC?c C8 � ' 4@ 
E e| ck|�Mg

EnC? �C8nn n(C? �(C8n�

zkhuh nC E e| ck|�n lv wkh hxfolghdq qrup lq U
? dqg n(C E e| ck|�n lv wkh

qrup ri wkh Mdfreldq pdwul{ (C E e| ck|� gh�qhg e|

n(C E e| ck|�n ' 4@ 
8�8'�

n(C E e| ck|� �n

Exw
nC? �C8n '

�

?
nkW �C8 E e| ck|�n

dqg

n(C? �(C8n ' n( EC? �C8 �n ' �

?
n( EkW �C8 E e| ck|��n

khqfh

� � EC?c C8 � '
�

?
4@ 

E e| ck|�Mg
EnkW �C8 E e| ck|�nn n( EkW �C8 E e| ck|��n�

dqg/ ehfdxvh erwk qrupv duh erxqghg/ iru dq| 0 : f wkhuh lv ?0 vxfk wkdw iru
doo ? : ?0 lw lv

� � EC?c C8 � 	 0

zklfk suryhv zkdw vwdwhg1

8 Frqfoxvlrqv
Lq wklv sdshu zh ghdow zlwk d jhqhudo g|qdplf prgho/ srwhqwldoo| frqvlvwhqw
zlwk d zlgh fodvv ri hfrqrplf prghov xqghu erxqghg udwlrqdolw| lq zklfk wkh
vwdwh yduldeoh ghshqgv rq djhqw*v suhglfwlrqv derxw wkh ixwxuh dqg ihdwxulqj
hyroxwlrq ri wkh h{shfwdwlrq ixqfwlrq wkurxjk zklfk wudghuv shuirup wkhlu
iruhfdvwv1 Wklv lghd edvlfdoo| dlpv dw ryhufrplqj vrph ri wkh olplwv  dzlqj
wkh prgho zlwk jlyhq +dgdswlyh, h{shfwdwlrq ixqfwlrq/ qdpho| wkh h{lvwhqfh/
zkhq wkh sdudphwhu lv deryh d fhuwdlq elixufdwlrq ydoxh/ ri qrq0shuihfw iruh0
vljkw dwwudfwlqj f|fohv1 Wklv lpsolhv wkdw d irup ri v|vwhpdwlf huuru zloo
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fkdudfwhul}h wkh olplwlqj ehkdylrxu ri wkh hfrqrp|1 Pruhryhu/ wkhuh lv frq0
yhujhqfh wrzdugv wkhvh f|fohv hyhq li wkh v|vwhp vwduwv duelwudulo| forvh wr
wkh vwhdg| vwdwh1

Rxu dqdo|vlv/ shuiruphg xqghu wkh dvvxpswlrq wkdw wkh h{shfwdwlrq ixqf0
wlrq lv fkrvhq lq d vhw zkrvh hohphqwv duh sdudphwul}hg e| wkh ohduqlqj vwhs
frh!flhqw/ k/ lqglfdwhv wkdw/ iurp d orfdo srlqw ri ylhz/ wkh vwdelolw| frqgl0
wlrqv duh pruh uhvwulfwlyh lq d zd| wkdw w|slfdoo| ghshqgv rq wkh vkdsh ri wkh
ixqfwlrq xvhg e| wkh djhqwv wr xsgdwh k1 Rq wkh rwkhu kdqg/ joredo dqdo|vlv
vxjjhvwv wkdw/ li zh kdyh d vwdeoh vwhdg| vwdwh/ zkdwhyhu wkh lqlwldo ydoxh rq
k wkhuh lv dq rshq lqwhuydo durxqg wkh htxloleulxp srlqw iru wkh vwdwh ydul0
deoh %/ ehorqjlqj wr wkh edvlq ri dwwudfwlrq ri wkh �{hg srlqw1 Wklv uhvxow lv
ydoxdeoh ehfdxvh lw hqodujhv wkh grpdlq ri �jrrg� sdudphwhu ydoxhv/ wkdw lv
frpsdwleoh zlwk frqyhujhqfh wr d vlwxdwlrq ri vhoi0ixo�oolqj h{shfwdwlrqv1

Zh frpsduhg wkh rxwfrph zlwk wkh h{lvwlqj olwhudwxuh/ lq sduwlfxodu zlwk
Ixfkv ^;`/ lq zklfk lw zdv vkrzq wkdw/ dvfulelqj wr wkh djhqwv wkh srvvlelo0
lw| ri fkrrvlqj dprqj dowhuqdwlyhv wkh phfkdqlvp jhqhudwlqj wkhlu iruhfdvwv/
wkh v|vwhp*v vwdelolw| lv hqkdqfhg lq d qhjoljleoh vhw ri fdvhv1 Wklv frqfox0
vlrqv gudzv khdylo| rq dvvxpswlrqv zklfk zh vkrzhg wr eh yhul�hg rqo| lq d
�pdujlqdo� vhw ri/ hfrqrplfdoo| frqvlvwhqw/ prghov1

Wkh suhvhqw zrun sxw iruzdug vhyhudo lqglfdwlrqv iru ixuwkhu uhvhdufk=
wkh dqdo|vlv rxwolqhg khuh fdq eh h{whqghg wr fryhu pruh frpsoh{ g|qdplf
ehkdylrxu/ vxfk dv f|fohv dqg rwkhu dwwudfwruv> dovr/ pdq| hfrqrplf prghov
wuhdwhg lq wkh erxqghg udwlrqdolw| olwhudwxuh pd| eh wkh vxemhfw ri dssolfdwlrq
ri wkh uhvxowv ri wklv sdshu/ dqg qxphulfdo vlpxodwlrqv frxog eh shuiruphg wr
vnhwfk/ iru lqvwdqfh/ wkh dfwxdo vkdsh ri wkh edvlqv ri dwwudfwlrq1

Uhihuhqfhv
^4` H1 Eduxffl= H{srqhqwldoo| idglqj phpru| ohduqlqj lq iruzdug orrnlqj

hfrqrplf prghov1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ +iruwk0
frplqj,/ +4<<<,1

^5` H1 Eduxffl/ J1 L1 Elvfkl= H{srqhqwldoo| idglqj phpru| ohduqlqj lq d
vlpsoh ryhuodsslqj jhqhudwlrqv prgho1 Glpdghidv Glvfxvvlrq Sdshu/ <90
8/ Xqlyhuvlwã gl Iluhq}h/ +4<<9,1

^6` J1 L1 Elvfkl/ O1 Jduglql= Pdqq lwhudwlrqv uhgxfleoh wr sodqh hqgrpru0
sklvpv1 Txdghuql gl Hfrqrpld/ Pdwhpdwlfd h Vwdwlvwlfd/ 69/ Xqlyhuvlwã
gl Xuelqr/ +4<<8,1
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^7` J1 L1 Elvfkl/ O1 Jduglql= Edvlq iudfwdol}dwlrq gxh wr irfdo srlqwv lq d
fodvv ri wuldqjxodu pdsv1 Lqwhuqdwlrqdo Mrxuqdo ri Elixufdwlrq dqg Fkdrv/
:+:,/ +4<<:,1

^8` J1 L1 Elvfkl/ D1 Qdlp}dgd= Joredo dqdo|vlv ri d qrqolqhdu prgho zlwk
ohduqlqj1 Hfrqrplf Qrwhv/ 59+6,= 77807:9 +4<<:,1

^9` P1 Eud|= Frqyhujhqfh wr udwlrqdo h{shfwdwlrqv htxloleulxp1 Lq U1 Iulhg0
pdq dqg H1V1 Skhosv +hgv1,/ Lqglylgxdo iruhfdvwlqj dqg djjuhjdwh rxw0
frphv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ +4<;6,1

^:` U1 Ghydqh|= Dq lqwurgxfwlrq wr fkdrwlf g|qdplfdo v|vwhpv/ Dgglvrq
Zhvoh|/ +4<;:,1

^;` J1 Ixfkv= Lv huuru ohduqlqj ehkdylrxu vwdelol}lqjB Mrxuqdo ri Hfrqrplf
Wkhru|/ 53/ 633064: +4<:<,1

^<` J1 Jdqgroir= Hfrqrplf g|qdplfv/ Vsulqjhu/ +4<;9,1

^43` M1 Jhdqdnrsorv= Ryhuodsslqj jhqhudwlrqv prgho ri jhqhudo htxloleulxp1
Lq Wkh qhz Sdojudyh= d glfwlrqdu| ri hfrqrplfv1 Pdfploodq +4<;<,1

^44` U1 Oxfdv= Dgdswlyh ehkdylrxu dqg hfrqrplf wkhru|1 Mrxuqdo ri Exvlqhvv
8<+7,/ 7340758 +4<;9,1

^45` Z1 U1 Pdqq= Phdq ydoxh phwkrgv lq lwhudwlrq1 Surfhhglqjv ri wkh
D1P1V1 7/ 8390843 +4<86,1

^46` D1 Phglr= Qrqolqhdu g|qdplfv dqg fkdrv/ sduw 4= d jhrphwulfdo ds0
surdfk1 Pdfurhfrqrplf G|qdplfv 5/ 8380865 +4<<;,1

^47` M1 Ploqru= Rq wkh frqfhsw ri dwwudfwru1 Frppxqlfdwlrqv lq Pdwkhpdw0
lfdo Sk|vlfv <</ 4::04<8/ +4<;8,1
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